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Introduction
The goal of this thesis is to classify a certain kind of extensions of degree a power of
p of a p-adic ﬁeld. It is well known that a p-adic ﬁeld K has only a ﬁnite number
of non-isomorphic algebraic extensions with given degree [Kra66]. Among these,
the unramiﬁed and tamely ramiﬁed extensions are well-known being generated by a
speciﬁc type of polynomials, while the wildly ramiﬁed ones are still a bit mysterious
and so become the object of our study. This means that we concentrate on totally
ramiﬁed extensions of K of degree pk where k is any natural number, in particular
we try to count their number up to K-isomorphism and to classify them according
to the Galois group of their normal closure, although only in the simpliﬁed case of
extensions having no intermediate ﬁelds.
In 2007 Dvornicich and Del Corso [DCD07], looking at the isomorphism classes of
extensions of K of degree p, gave a new way to attack the problem of counting
extensions: their idea is to shift the p-extensions of K in a more easy environment,
where they can be identiﬁed by the action of a certain group on a suitable space.
Recently in [DCDM], Del Corso, Dvornicich and Monge, taking inspiration from
[DCD07], present a general and very useful way to study the extensions of degree pk
of a p-adic ﬁeld having no intermediate extensions. Denoting by F the composite of
all normal and tame extensions of K whose Galois group is a subgroup of GL(k,Fp)
and by H the group Gal(F/K), they show that (see Theorem 1.8)
Theorem 0.1. There exists a natural one-to-one correspondence between the isomor-
phism classes of extensions of K of degree pk (k ≥ 1) having no intermediate exten-
sion and the irreducible H-submodules of F ∗/F ∗p of dimension k of the Galois module
F ∗/F ∗p. The isomorphism class [L/K] corresponds to Ξ where LF = F ( p
√
Ξ), and
Gal(LF/K) is always a split extension of Gal(F/K).
This key result allows one to classify the extensions of K of p-power degree only
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by studying the structure of the ﬁltered Fp[H]-module F ∗/F ∗p; in other words, our
problem is reduced to ﬁnd the irreducible representations of dimension k of a certain
group H acting on the suitable module F ∗/F ∗p.
The study of the structure of F ∗/F ∗p as Fp[H]-module is the task of Chapter 1 of
this thesis, which, after a brief recall of the objects and the basic facts we deal with,
gives a detailed description of the Fp[H]-submodules of F ∗/F ∗p. This description (in
some measure) does not depend on the ﬁeld F deﬁned above and it holds for a large
class of extensions of K, provided that it is tamely ramiﬁed over K. In particular,
it holds for the ﬁeld F deﬁned in Chapter 2, which is the smallest ﬁeld we can take
working in the correspondence theorem when k is equal to a ﬁxed prime number `.
Unfortunately the trick of looking at certain representations to study wild extensions
is not usable in the general case of extensions of degree pk, with k any natural num-
ber. As outlined before, we have successfully used it to count the isomorphism classes
of the extensions of degree p` where ` is a prime number (see Chapter 2), and in
Chapter 3 we apply the same method to study the ﬁrst non prime case, k = 4. This
latter case shows how laborious the study becomes when the number of divisors of k
increases, in fact such increase causes an explosion of the number of representations
of H in F ∗/F ∗p and as a consequence of the number of cases to deal with.
When it is applicable, Theorem 0.1 allows not only to count the number of isomor-
phism classes, but also to determine the Galois group of their normal closure and to
count how many of them contain extensions whose normal closure has a prescribed
Galois group, for each of the possible groups that can appear as Galois group. In
fact, if L/K is an extension of degree admissible to apply Theorem 0.1 and L˜ is its
normal closure then
Gal(L˜/K) ' V oρ¯ H¯
where ρ¯ is the map induced on the quotient H¯ = H/kerρ and the pair (V, ρ) is the
representation of H in F ∗/F ∗p, which corresponds to the class of L/K under the
correspondence of Theorem 0.1. In other words, Gal(L˜/K) is the semidirect product
of V with the largest quotient of H acting faithfully on it. Fixing a basis of the
Fp-vector space V , we can identify the image of ρ with a subgroup of GL(Fp), so
that if [L : K] = pk then Gal(L˜/K) ' (Fp)k oHρ where Hρ represents the action of
H¯ on V given by ρ¯, expressed with respect to the ﬁxed basis. Moreover the normal
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closures of two isomorphism classes have the same Galois group if and only if
(Fp)k oHρ ' (Fp)k oHρ′
and this happens if and only if the two subgroups Hρ, Hρ′ of GL(k,Fp) are conjugate
over GL(k,Fp). Thus, in order to get the classiﬁcation according to the Galois group,
we only have to identify the representation and the conjugation class of its image in
GL(k,Fp). We ﬁnd that, when k = ` or k = 4, the Galois group of the normal closure
of an extension of degree pk having no intermediate ﬁelds is of type (Fp)koC, where
C is a subgroup of F∗
pk
, or of type (Fp)k o Z, where Z is a non abelian subgroup of
F∗
pk
oGal(Fpk/Fp); if k = 4 the Galois group can also be of type (Fp)4oB, where B
is a subgroup of (F∗p2 ×F∗p2/F∗p)oGal(Fp2/Fp) (where Gal(Fp2/Fp) acts non trivially
only on the ﬁrst factor). These are the only groups that can appear as Galois group
of the normal closure of a pk-extension with no intermediate ﬁelds.
Finally, as a further application of the correspondence theorem, we determine the
ramiﬁcation groups and the discriminant of the composite of all extensions of degree
p` of K having no intermediate ﬁelds using the fact, proved in Section 2.4, that this
composite is equal to a certain Kummer extension of F .
Chapter 1
Preliminaries
We report some basic concepts which have a leading role in the thesis. In particular,
in the ﬁrst two sections we present the objects and in the third one the tools to
attack the problem faced in this thesis, that is to classify the isomorphism classes of
extensions of degree a power of p of a p-adic ﬁeld.
1.1 Basic properties of extensions of local ﬁelds
Let F be a ﬁeld. An exponential valuation on F is a map v : F −→ R∪{∞} satisfying
the properties
• v(α) =∞ ⇔ α = 0,
• v(αβ) = v(α) + v(β),
• v(α+ β) ≥ min{v(α), v(β)},
where we ﬁx the following conventions regarding elements a ∈ R and the symbol ∞:
a <∞, a+∞ =∞, ∞+∞ =∞. Note that if v(α) 6= v(β) then v(α+ β) is always
equal to min{v(α), v(β)}.
If F is equipped with such a function, it will be said a valued ﬁeld.
From now on, we will say valuation to intend exponential valuation. Two valuations
v1 and v2 on F are called equivalent if v1 = sv2, for some real number s > 0.
The subset OF = {α ∈ F | v(α) ≥ 0} is a ring, called the valuation ring of F ,
with group of units O∗F = {α ∈ F | v(α) = 0} and the unique maximal ideal
pF = {α ∈ F | v(α) > 0}. OF is an integral domain with ﬁeld of fractions F ; the
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ﬁeld OF /pF = κF is called the residue class ﬁeld of OF . If v(F ∗) = {0} we call v
the trivial valuation and if the value group v(F ∗) admits a smallest positive value s
we say that v is discrete; in this case one ﬁnds v(F ∗) = sZ. It is called normalized if
s = 1. Dividing by s we may always pass to a normalized valuation without changing
the invariants OF , O∗F , pF . Having done so, an element pi ∈ OF such that v(pi) = 1
is a prime element or a uniformizer, and every element α ∈ F ∗ admits a unique
representation α = upim with m ∈ Z and u ∈ O∗F . Moreover the nonzero ideals of
OF are given by pnF = pinOF = {α ∈ F | v(α) ≥ n} for n ≥ 0.
A sequence (αn)n≥0 of elements of F is called a Cauchy sequence if for each c ∈ R
there exists an n0 ≥ 0 such that v(αn−αm) ≥ c for m,n ≥ n0. It coincides with the
usual deﬁnition in a metric space when F is equipped with the distance induced by
the norm deﬁned as |α| = εv(α), for some ﬁxed ε ∈ (0, 1). Thus a valuation induces
a topology on F , for which a system of neighbourhoods of 0 is given by the powers
pnF , for n ≥ 1, of the maximal ideal, while a basis of neighbourhoods of the element 1
of F ∗ is the ﬁltration O∗F = UF,0 ⊇ UF,1 ⊇ UF,2 ⊇ · · · of subgroups UF,n = 1 + pnF of
O∗F . UF,n is called the n-th higher unit group and UF,1 the group of principal units.
Proposition 1.1. The following facts hold:
1. UF,0/UF,1 ' κ∗F ,
2. for i ≥ 1, the group UF,i/UF,i+1 is canonically isomorphic to the group piF /pi+1F ,
which is itself isomorphic to the additive group of κF .
Proof. They are both simple proofs.
1. The isomorphism is induced by the canonical and obviously surjective homo-
morphism
O∗F = UF,0 −→ κ∗F
u 7−→ u (mod pF )
the kernel of which is UF,1.
2. Consider the homomorphism that maps each α ∈ piF to the element 1 + α
in UF,i; this gives, by passing to the quotient, the canonical isomorphism.
Moreover piF /p
i+1
F is a one-dimensional vector space over κF , so it is isomorphic
to κF as an additive group.
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When the ﬁeld F will be ﬁxed, we will omit the subscript F in UF,i and we will write
only Ui for the i-th higher unit group.
A valued ﬁeld (F, v) is called complete if every Cauchy sequence (αn)n≥0 in F con-
verges to an element a ∈ F . From any valued ﬁeld (F, v) we get a complete valued
ﬁeld (F̂ , v) by the process of completion: take the ring R of all Cauchy sequences of
(F, v), consider therein the maximal ideal m of all nullsequences with respect to v,
and deﬁne F̂ = R/m. One embeds the ﬁeld F into F̂ by sending every a ∈ F to the
class of the constant Cauchy sequence (a, a, a, . . . ); the valuation v is extended from
F to F̂ by giving the element a ∈ F̂ , which is represented by the Cauchy sequence
(an)n≥0, the valuation v(a) = limn v(an).
Let F be a ﬁeld which is complete with respect to the valuation v and let f ∈ OF [X]
be a primitive polynomial, i.e. f(X) 6≡ 0 (mod pF ). Then the following holds
Lemma 1.2 (Hensel). If f ∈ OF [X] admits modulo pK a factorization
f(X) ≡ g¯(X)h¯(X) (mod pF )
into relatively prime polynomials g¯, h¯ ∈ κF [X], then f(X) admits a factorization
f(X) = g(X)h(X)
into polynomials g, h ∈ OF [X] such that deg(g) = deg(g¯) and
g(X) ≡ g¯(X) (mod pF ) and h(X) ≡ h¯(X) (mod pF ).
Proof. See [Neu99, Chap. II, 4].
Remark. Hensel's lemma is valid in a much bigger class of valued ﬁelds than the
complete ones. A ﬁeld satisfying Hensel's lemma is called henselian ﬁeld.
A complete discretely valued ﬁeld with perfect residue ﬁeld is often referred to as a
local ﬁeld. Moreover a local ﬁeld is often assumed to be locally compact. It turns
out that F is locally compact if and only if it is complete and the residue ﬁeld κF is
a ﬁnite ﬁeld. Hence we will assume that a local ﬁeld is a complete discretely valued
ﬁeld which is locally compact and having a ﬁxed prime p as the characteristic of the
residue ﬁeld.
We will denote by fF the absolute residual degree [κF : Fp], which is called absolute
inertia degree, and we will set eF = v(p), which is called absolute ramiﬁcation index.
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Proposition 1.3. The multiplicative group of a local ﬁeld F can be decomposed as
F ∗ ' 〈pi〉 × κ∗F × UF,1
where pi is a uniformizer of F , 〈pi〉 = {pik | k ∈ Z} and UF,1 = 1 + pF is the group of
principal units.
Proof. For every α ∈ F ∗, one has a unique representation α = pinu with n ∈ Z and
u ∈ O∗F , so that F ∗ ' 〈pi〉 × O∗F .
Let q = |κF | be the cardinality of κF , so that κ∗F is isomorphic to the group of
(q − 1)-th roots of unity. Since the polynomial Xq−1 − 1 splits into linear factors
over F by Hensel's lemma, O∗F contains the group of (q − 1)-th roots of unity. This
implies that the homomorphism O∗F = UF,0 −→ κ∗F has a section and hence by 1 of
1.1, it follows that O∗F = UF,0 ' κ∗F × UF,1.
If F is a local ﬁeld with valuation vF , then vF may be extended in a unique way
to a valuation vL of any given algebraic extension L/F . When L/F has ﬁnite degree
n, this extension is given by the formula
vL(α) =
1
n
vF (NL/F (α)),
where NL/F is clearly the norm map. In this case L is again a local ﬁeld.
For the value groups and residue class ﬁelds of vF and vL, one gets the inclusions
vF (F
∗) ⊆ vL(L∗) and κF ⊆ κL. The index e = e(L/F ) = (vL(L∗) : vF (F ∗)) is
called the ramiﬁcation index of the extension L/F and the degree f = f(L/F ) =
[κL : κF ] is called the inertia degree. Since vF (and vL) is discrete (not necessarily
normalized), because F (and L) is local, and if pi (respectively Π) is an element of
smallest value of F (respectively L), then one has e = (vL(Π)Z : vF (pi)Z), so that
vF (pi) = vL(pi) = evL(Π) and pi = εΠ
e, for some unit ε ∈ O∗L.
Proposition 1.4. If L/F is a ﬁnite extension of local ﬁelds, then
[L : F ] = ef.
Proof. See [Neu99, Prop 6.8, chap. II].
A ﬁnite extension of local ﬁelds L/F is called unramiﬁed if [L : F ] = [κL : κF ] =
f , i.e. e = 1. In general, if L/F is an extension of local ﬁelds, the composite T/F of
1.1 Basic properties of extensions of local ﬁelds 5
all unramiﬁed subextensions is called the maximal unramiﬁed subextension of L/F .
Its residue class ﬁeld is κL and its value group is equal to that of F .
L/F is called tamely ramiﬁed if ([L : T ], p) = 1, i.e. (e, p) = 1. This happens
if and only if the extension L/T is generated by radicals L = T ( m1
√
a1, . . . , mr
√
ar)
such that (mi, p) = 1 (see [Neu99, chap. II]). The composite V/F of all tamely
ramiﬁed subextensions of an extension of local ﬁelds L/F is called the maximal
tamely ramiﬁed subextension of L/F . Its value group is the subgroup vL(L
∗)(p) of
vL(L
∗) which consists of all elements ω such that mω ∈ vF (F ∗) with (m, p) = 1; its
residue class ﬁeld is κL.
Therefore, for every ﬁnite extension of local ﬁelds L/F , one has the following splits:
F ⊆ T ⊆ V ⊆ L
κF ⊆ κL = κL = κL
vF (F
∗) = vL(T ∗) ⊆ vL(L∗)(p) ⊆ vL(L∗)
If e = e′pa where (e′, p) = 1, then [V : T ] = e′. The extension L/F is called
totally ramiﬁed if T = F , and wildly ramiﬁed if it is not tamely ramiﬁed, i.e. if
V 6= L. A totally ramiﬁed extension can always be generated by an Eisenstein
equation Xe + ae−1Xe−1 + · · ·+ a0 = 0 where ai ∈ pF for all i and a0 6= 0 (mod p2F ).
If the extension is also tame, then it can be generated by a root of the equation
Xe − piF = 0 (see [Lan94, Prop 11-12, chap. II]).
Let L/F be a Galois extension of local ﬁelds, and let G = Gal(L/F ) be its Galois
group; G acts on the ringOL. For every integer i ≥ −1, we deﬁne the i-th ramiﬁcation
group of L/F by
Gi = Gi(L/F ) = {σ ∈ G | vL(σα− α) ≥ i+ 1 for all α ∈ OL}.
The Gi's form a decreasing sequence of normal subgroups of G; G−1 = G, G0 is
called the inertia subgroup of G, and Gi = {1} for i suﬃciently large.
The quotient G/G0 is the Galois group Gal(κL/κF ) of the residue extension, which is
isomorphic to Gal(T/F ), therefore G0 corresponds via Galois theory to the maximal
unramiﬁed subextension of L/F . G1 is the unique p-Sylow subgroup of G0 and
G/G1 is isomorphic to Gal(V/F ), therefore G1 corresponds via Galois theory to the
maximal tamely ramiﬁed subextension of L/F . The quotients Gi/Gi+1 satisfy the
following
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Proposition 1.5. For i ≥ 0, the map which, to σ ∈ Gi, assigns σ(piL)/piL, induces
by passage to the quotient an isomorphism θi of the quotient group Gi/Gi+1 onto a
subgroup of the group UL,i/UL,i+1. This isomorphism is independent of the choice of
uniformizer piL.
Proof. See [Ser78, Prop 7, chap. IV].
1.2 Basics on linear representation theory
Let F be a ﬁeld, V be a vector space of ﬁnite dimension over F , and GL(V ) be the
group of isomorphisms of V onto itself. An element a of GL(V ) is, by deﬁnition,
a linear mapping of V into V which has an inverse a−1; this inverse is linear. If
dimFV = n, choosing a basis of V , we can identify GL(V ) with GL(n, F ), the group
of invertible square matrices of order n and entries in F .
Deﬁnition 1.1. A linear representation of G in V is a homomorphism ρ : G −→
GL(V ).
When ρ is given, we say that V is a representation space of G (or even simply,
by abuse of language, a representation of G). If σ ∈ G, ρ(σ) is an endomorphism of
V and so its trace is deﬁned. The function
χρ(σ) = Tr(ρ(σ))
is a class function on G (a function f : G→ F is a class function if f(στσ−1) = f(τ)
for all σ, τ ∈ G) called the character of the representation ρ. The integer χρ(1),
equal to the dimension of V , is called the degree of ρ.
Every representation ρ of G determines a representation ρ˜ of the F -algebra F [G] (i.e.
a homomorphism of F -algebras from F [G] to EndF (V )) by linear extension, that is
ρ˜(
∑
agg) =
∑
agρ(g); on the other hand, every representation of F [G] determines a
representation of G by restriction. Note that to give a representation of F [G] in V is
the same as to deﬁne a structure of F [G]-module on V , i.e. a "multiplication" • of
V by the elements of F [G] which ∀v ∈ V, λ ∈ F, a, b ∈ F [G] satisﬁes the following
conditions:
1. 1 • v = v
2. λ • v = λv
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3. • is F -bilinear
4. a • (b • v) = (ab) • v.
For a G-module we will mean a (left) F [G]-module. So we will indiscriminately use
the terminology "G-module" or "representation of G" to indicate the same structure
on a given vector space V .
Let ρ : G −→ GL(V ) be a linear representation and letW be a vector subspace of V .
Suppose thatW is stable under the action of G deﬁned by ρ, then ρW : G −→ GL(W )
is a linear representation of G in W , called a subrepresentation of ρ.
We say that ρ : G −→ GL(V ) is irreducible or simple if V is not 0 and if no vector
subspace of V is stable under G, except of course 0 and V . A representation of
degree 1 is clearly irreducible.
Proposition 1.6. If G is abelian, then all the irreducible representations of G have
degree 1.
Proof. See [Ser77, Th 9, chap. III].
A basic result in representation theory is the following
Proposition 1.7 (Schur's lemma). Let ρ1 : G −→ GL(V1) and ρ2 : G −→ GL(V2)
be two irreducible representations of G, and let f be a linear mapping of V1 into V2
such that ρ2(s) ◦ f = f ◦ ρ1(s) for all s ∈ G. Then:
• if ρ1 and ρ2 are not isomorphic, we have f = 0;
• if V1 = V2 and ρ1 = ρ2, f is a homothety (i.e., a scalar multiple of the identity).
Proof. See [Ser77, Prop 4, chap. II].
Let ρ : G −→ GL(V ) be a representation of G, H be a subgroup of G, and ρH
be the restriction of ρ to H. Let W be a subrepresentation of ρH , θ : H −→ GL(W )
be the representation of H in W thus deﬁned. Let s ∈ G; the vector space ρ(s)W
depends only on the left coset sH of s; indeed, if we replace s by st, with t ∈ H,
then we have ρ(st)W = ρ(s)ρ(t)W = ρ(s)W since ρ(t)W = W . Therefore, if σ is a
left coset of H in G, we can deﬁne a subspace σW of V to be ρ(s)W for any s ∈ σ.
It is clear that the σW are permuted among themselves by the ρ(s), s ∈ G. Their
sum
∑
σ∈G/H σW is thus a subrepresentation of V . We say that the representation
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ρ of G in V is induced by the representation θ of H in W if V is equal to the sum of
the σW (σ ∈ G/H) and if this sum is direct (that is, if V = ⊕σ∈G/H σW ). In any
case, the induced subrepresentation is denoted by IndGH(W ).
1.3 The correspondence theorem
In this section we state a theorem, ﬁrst proved by Roberto Dvornicich, which reduces
the problem of counting isomorphism classes of extensions of degree pk of a p-adic
ﬁeld K having no intermediate ﬁelds to that of counting representations of dimension
k of a certain group acting on a suitable vector space.
The advantage of doing this is due to the fact that the special properties of the
group allows us to easily identify its representation in the ﬁxed vector space and, as
a consequence, to easily count their number.
Let F be the composite of all normal and tame extensions of K whose Galois group
is a subgroup of GL(k,Fp) and let H = Gal(F/K).
Theorem 1.8. There exists a natural one-to-one correspondence between the isomor-
phism classes of extensions of K of degree pk (k ≥ 1) having no intermediate exten-
sions and the irreducible H-submodules of F ∗/F ∗p of dimension k of the Galois mod-
ule F ∗/F ∗p. The isomorphism class [L/K] corresponds to Ξ where LF = F ( p
√
Ξ),
and Gal(LF/K) is always a split extension of Gal(F/K).
Proof. See [DCDM, Th 3.2].
In order to apply the correspondence Theorem 1.8, we have to know the structure
of F ∗/F ∗p as Fp[H]-module. This is equivalent to be able to identify the irreducible
representations of H contained in the Fp-vector space F ∗/F ∗p.
Note that H is the Galois group of a ﬁnite tame extension, therefore it has the
following form
〈v, τ | v−1τv = τ q, τ e = 1, vf = τ r〉
where e := eF/K , f := fF/K , q := p
fK and r is the smallest positive integer such
that vf = τ r (see [Iwa55]). Moreover the extension F/K is always contained in a
split one, i.e. in a tame extension whose Galois group is a semidirect product of the
inertia subgroup and its complement. Since this tame split extension is of degree
prime to p and unramiﬁed over F , the correspondence theorem still holds if we put
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this extension in place of F (we will see this in the next chapter in the special case
in which k is a prime number). Abusing notation, we continue to denote by F this
split tame extension of K and by H its Galois group over K.
So we can suppose that H = H0oU where H0 = 〈τ〉 and U = 〈v〉 are cyclic of order
e and f respectively, (e, p) = 1, e | qf − 1 and v acts on H0 via the map x 7→ xq.
This particular form of H allows us to easily describe its representations. First of
all, we can observe that to study the irreducible representation ρ of H0oU , one can
study the irreducible representation ρ¯ of H¯0 o U , where H¯0 = H0/ker(ρ|H0), that is
to say the representations of H that are faithful on the ﬁrst factor. The following
Lemma describes them.
Lemma 1.9. Every irreducible representation V over Fp of 〈ν〉oµ 〈η〉, where µ(η) is
the elevation to pf , that is faithful on 〈ν〉 is the sum of the conjugates of an irreducible
representation over Fp. Each of these is induced from a 1-dimensional representation
of 〈ν〉 × 〈ηc〉, where 〈ηc〉 = C〈η〉(〈ν〉) is the centralizer of 〈ν〉 in 〈η〉.
Moreover, if ν and ηc act as multiplication by α and β respectively, then the following
equation holds:
dimFpV = lcm
(
rw
(r, f)
, r
)
, (1.1)
where r = [Fp(α) : Fp] and w = [Fp(β) : Fp].
Proof. See for example [DCDM, 4.1].
For convenience, we now describe in more details the irreducible representations
of H over Fp.
By Lemma 1.9, all irreducible representations of H0oU in a Fp-vector space faithful
on the ﬁrst factor are induced from 1-dimensional representations of the abelian
group H0× U˜ , where U˜ = 〈v˜〉 is the centralizer of H0 in U . In particular, if ρ : H0o
U −→ GL(W ) is an irreducible representation (faithful on the ﬁrst factor), then
ρ = IndH0oU
H0×U˜ (Wχ) where Wχ is a 1-dimensional Fp-subspace of W on which H0 × U˜
acts by the character χ. Moreover, if α = χ(τ) and β = χ(v˜) then there is a basis of
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W with respect to which τ and v act on W via the matrices
Tα =

α
αq
αq
2
. . .
αq
u−1

, Vβ =

β
1
1
. . .
1

where u is the index of U˜ in U .
It is easy to see that conjugate characters lead to the same representation on W .
Now, the second step is to pass from the irreducible representations over Fp to the
irreducible representations over Fp. Again by Lemma 1.9, if ϕ is an irreducible
representation of H0 o U over an Fp-vector space V (faithful on the ﬁrst factor),
then it is the sum of the conjugates of an irreducible representation over Fp which,
as written above, is induced from a 1-dimensional one, and one has
dimFpV = lcm
(
rw
(r, fK)
, r
)
(1.2)
where r = [Fp(α) : Fp] and w = [Fp(β) : Fp].
Finally it remains to identify the irreducible representations of H0 o U over the Fp-
vector space F ∗/F ∗p. For what we have said above, we ﬁrst identify those over the
Fp-vector space F ∗/F ∗p ⊗Fp Fp obtained from F ∗/F ∗p by extension of scalars and
then we recover from these the irreducible Fp-representations over F ∗/F ∗p. If pi is a
uniformizer of F and U1 denotes the group of principal units of F , then from 1.3 we
have
F ∗ ' 〈pi〉 × κ∗F × U1
as H-modules. It follows that
F ∗/F ∗p ' 〈pi〉/〈pi〉p × U1/Up1
as Fp[H]-modules.
Recall that U1 has a ﬁltration {Ui}i≥1, where Ui = {x ∈ F ∗|x ≡ 1(mod pii)}. It
induces the ﬁltration {UiUp1 /Up1 }i≥1 of U1/Up1 and, as Ui+1 is complemented in Ui as
H-module, also Ui+1U
p
1 /U
p
1 is complemented in UiU
p
1 /U
p
1 as Fp[H]-module ([DCDM,
Prop 4.3]). Therefore one has
F ∗/F ∗p ' 〈pi〉/〈pi〉p ⊕
∞⊕
i=1
UiU
p
1 /Ui+1U
p
1 .
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The nonzero terms in the right-hand side are those with i = peF /(p − 1) and,
0 < i < peF /(p − 1) with (i, p) = 1 (see for example [FV02]). Then the above
relation can be written as
F ∗/F ∗p ' 〈pi〉/〈pi〉p ⊕
⊕
i∈J0,IF KUiU
p
1 /Ui+1U
p
1 ⊕ UIFUp1 /Up1 ,
where IF = peF /(p − 1) and J0, IF K is the set of integers prime to p in the interval
]0, IF [.
We want to describe the representations of H contained in F ∗/F ∗p. To do this,
observe that the action of H on 〈pi〉/〈pi〉p ' Fp is clearly trivial and that UIFUp1 /Up1
corresponds via Kummer theory to the Galois unramiﬁed extension of degree p, so the
action of H on this submodule of dimension 1 of F ∗/F ∗p is given by the cyclotomic
character ω. Since we are interested in the irreducible subrepresentations of dimen-
sion k ≥ 2, we can reduce to consider those contained in⊕i∈J0,IF K UiUp1 /Ui+1Up1 .
We need to study the structure of UiU
p
1 /Ui+1U
p
1 as Fp[H]-module. Since F/K is a
tamely ramiﬁed extension, we can choose as a uniformizer pi of F an e-th root of a
uniformizer of K, where clearly e = eF/K . Then for i ≥ 1, each element of Ui/Ui+1
can be written as 1 + pii with  ∈ U0 (U0 = O∗F is the multiplicative group of the
ring of the integers of F ). The action of H on it is given by
τ(1 + pii) = 1 + ζipii + . . . , v(1 + pii) = 1 + qpii + . . . ,
where ζ = τ(pi)/pi is a primitive e-th root of 1. By Proposition 1.1, one can identify
Ui/Ui+1 with the additive group of κF via the map
1 + pii 7→ ¯
and this induces on κF the following action of H
τ(¯) = ζ¯i¯, v(¯) = ¯q.
Denote by Mi the Fp[H]-module formed by the Fp-module κF with the above action
of H. Since Ui/Ui+1 ' UiUp1 /Ui+1Up1 as H-modules, it is clear that
UiU
p
1 /Ui+1U
p
1 'Mi
as Fp[H]-modules. In other words, we can write the following isomorphism of Fp[H]-
modules
F ∗/F ∗p ' Fp ⊕
⊕
i∈J0,IF KMi ⊕Mω, (1.3)
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where Mω corresponds to the unramiﬁed extension of degree p. We search the irre-
ducible Fp[H]-submodules of
⊕
i∈J0,IF KMi or, equivalently, the irreducible represen-
tations of H over Fp contained in
⊕
i∈J0,IKMi (viewed as Fp-vector space). To do this
we ﬁrst extend the Fp-representation Mi of H to an Fp-representation, we identify
its Fp subrepresentations and from each of these we ﬁnd the Fp subrepresentations
via the sum of its conjugates.
Let M i = Mi ⊗Fp Fp be the Fp[H]-module obtained from Mi by extension of scalars
to the algebraic closure of Fp. It can be shown that
M i ' (IndHH0(Vα))fK
where Vα is the Fp[H0]-module of dimension 1 on which τ acts as multiplication by
α = ζi and ζ is a ﬁxed primitive e-th root of unity (see [DCDM, Prop 4.5]).
Recall that we denoted by U˜ the centralizer of H0 in U , and consider ﬁrst
IndH0×U˜H0 (Vα) = Fp[U˜ ]⊗Fp Vα.
Recall also that U˜ is generated by v˜ = vu of order f/u, so the above representation
can be written as
IndH0×U˜H0 (Vα) =
f/u⊕
i=1
v˜iVα =
⊕
β∈Fp
βf/u=1
V(α,β),
where V(α,β) is the representation of dimension 1 such that τ and v˜ act via multipli-
cation by α and β respectively. Consequently, we have
IndHH0(Vα) = Ind
H
H0×U˜ (Ind
H0×U˜
H0
(Vα))
= IndH
H0×U˜
⊕
β∈Fp
βf/u=1
V(α,β)
=
⊕
β∈Fp
βf/u=1
IndH
H0×U˜ (V(α,β)).
1.3 The correspondence theorem 13
Denote IndH
H0×U˜ (V(α,β)) as J(α,β), then
M i '
 ⊕
β∈Fp
βf/u=1
J(α,β)

fK
'
⊕
β∈Fp
βf/u=1
J(α,β)
fK . (1.4)
Let Y =
⊕
i∈J0,IF KM i; then J(α,β) appears nK = [K : Qp] times in Y . In fact, the
i's such that ζi = α have equal remainder modulo e; being (e, p) = 1, those ones in
]0, IF [ and prime to p are exactly eK . Multiplying by the exponent of J(α,β) that
appears in (1.4), we have the claim.
Moreover, if s is the dimension of J(α,β) then the s conjugate pairs (α
qi , β) yield the
same representation, therefore the multiplicity of J(α,β) in Y is snK .
It is easy to see that the representation J(α,β) has
d = lcm(w, (r, fK))
conjugates over Fp, where r = [Fp(α) : Fp] and w = [Fp(β) : Fp] as above. In fact
J(α,β) is clearly stabilized by Gal(Fp/Fp(α, β)) and by the powers of the Frobenius
φq ﬁxing β (since φq(ρ(τ)) = ρ(τ)). Now, in Gal(Fp(α)/Fp) the group generated by
φq is equal to the group generated by φp(r,fK ) since o(φ
fK
p ) = o(φ
(r,fK)
p ), therefore
the smallest power of φp(r,fK ) ﬁxing Fp(β) is φplcm(w,(r,fK )) , which then generates the
stabilizer of J(α,β).
It follows that J(α,β) is deﬁned over D = Fpd , where d = lcm(w, (r, fK)), and has d
conjugates over Fp. Moreover, a short reﬂection leads to observe that the dimension
s of J(α,β) is equal to
r
(r,fK)
since v acts on τ as elevation to q and therefore s is the
smallest power of q such that e | qs − 1, i.e. the order of q in (Z/eZ)∗.
Recall that we want to identify the irreducible subrepresentations of Y deﬁned over
Fp: they are sum of the conjugates of J(α,β) as α and β vary through suitable roots
of unity.
Let X be an irreducible subrepresentation of Y deﬁned over Fp and containing a
unique copy of J(α,β). From each copy of J(α,β) contained in Y and deﬁned over
D, we obtain a representation isomorphic to X. Consequently, to count the sub-
representations isomorphic to X and deﬁned over Fp is the same as to count the
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subrepresentations that are isomorphic to J(α,β) and deﬁned over D. This can be
made by counting the subrepresentations contained in (J(α,β))
snK and working over
D. Consider the embeddings
J(α,β) −→ (J(α,β))snK
which are deﬁned over D. Using Schur's Lemma 1.7, we ﬁnd that the number of
embeddings is |D|snK − 1 and this number must be divided by |D| − 1 when taking
into account that two immersions have the same image if and only if they diﬀer by
multiplication by a constant. It follows that the number of representations deﬁned
over Fp and containing a representation isomorphic to J(α,β) is
pdsnK − 1
pd − 1 . (1.5)
Chapter 2
Extensions of degree p`
2.1 Improving the correspondence theorem for p` exten-
sions
We prove the correspondence theorem in the particular case in which k is equal to
a prime number ` with a change in the deﬁnition of F . In the following version of
the theorem, F is the smallest ﬁeld we can take working for the correspondence.
Let F = F (K) be the composite of all normal extensions of K of degree prime
to p whose Galois group is isomorphic to a subgroup of F∗
p`
or to a non abelian
subgroup of F∗
p`
oθGal(Fp`/Fp) where θ(φp) = φp|F∗
p`
∈ Aut(F∗
p`
) (φp is the Frobenius
automorphism), and let H = Gal(F/K). Then
Theorem 2.1. There exists a one-to-one correspondence between the isomorphism
classes of extensions of degree p` of K having no intermediate extensions and the
irreducible H-submodules of dimension ` over Fp of F ∗/F ∗p.
Remark. Since the degree of K(ζp) over K divides p− 1, we have K(ζp) ⊆ F .
Proof. We ﬁrst show that to an extension L/K of degree p` having no intermediate
extensions one can associate an irreducible H-submodule of dimension ` of F ∗/F ∗p.
In order to obtain this, we will prove that LF/F is an elementary abelian extension
of degree p`. It is easy to see that [LF : F ] = p` since L and F are linearly
disjoint over K. Observe that the extension L/K cannot be unramiﬁed, because
otherwise it would be abelian and hence it admits intermediate ﬁelds; in particular
it is totally ramiﬁed, since otherwise it would have a proper subextension given
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by the maximal unramiﬁed subextension. Let L˜ be the normal closure of L/K
and G = Gal(L˜/K). As usual, G has the lower numbering ramiﬁcation ﬁltration
G = G−1 ⊇ G0 ⊇ G1 ⊇ · · · ⊇ {1}, where for every i the subgroup Gi is normal in G
and for every i ≥ 1 the quotient Gi/Gi+1 is an elementary abelian p-group.
Let H˜ ⊆ G be the subgroup ﬁxing L. Since L˜ is the normal closure of L/K, no
subgroup of H˜ is normal in G; it follows that the intersection of all its conjugates
(which is normal if not trivial) is trivial. Moreover since L/K has no intermediate
extensions, H˜ is a maximal subgroup of G and hence there is a unique t such that
Gt+1 ⊆ H˜ and GtH˜ = G; observe that we must have t ≥ 1 since L/K is a totally
and wildly ramiﬁed extension.
Now, Gt is clearly a H˜-module (the action being given by conjugation) and, since
the centralizer CH˜(Gt) of Gt in H˜ is trivial (being contained in the intersection of
all conjugates of H˜), it is a faithful H˜-module. Moreover, Gt+1 = {1} since H˜ has
no subgroup normal in G, therefore Gt is an elementary abelian p-group; while, from
CH˜(Gt) = {1}, we have Gt ∩ H˜ = {1}. It follows that G ' Gt o H˜ and |Gt| = p`.
This implies that Gt is also irreducible as H˜-module since otherwise there would exist
a proper H˜-submodule A of Gt and then a proper subgroup Ao H˜ of G containing
H˜, which is a contradiction to the maximality of H˜.
Let L1 be the subﬁeld of L˜ ﬁxed by Gt, so Gal(L1/K) ' H˜. We will show that
the order of H˜ is prime to p. Let H˜1 be the ramiﬁcation group of H˜, then either
H˜1 = {1} or H˜1 is the unique p-Sylow of H˜0, and it is normal in H˜. But if H˜
has a non trivial normal p-subgroup, then Gt would have a proper H˜-submodule,
contradicting its irreducibility. It follows that the ramiﬁed part of L1/K has order
prime to p. Moreover, also the unramiﬁed part has order prime to p since its p-Sylow
subgroup would lift to a p-Sylow of H˜ (see Ex. 8.7 of [Ser77]) which would be normal
in H˜ because the natural projection preserves normality, and we can conclude with
the same argument of above. Therefore necessarily p - o(H˜).
Now we prove that L1 is contained in F .
Since p - o(H˜), H˜ = Gal(L1/K) is the Galois group of a tame extension, therefore,
as seen in Section 1.3, it is of the form
〈v, τ | v−1τv = τ q, τ e = 1, vf = τ r〉
where e = eL1/K , f = fL1/K , q = p
fK and r is the smallest positive integer such that
vf = τ r (see [Iwa55]). Such an extension is not necessarily split, but it is always
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contained in a split one, say L2/K, i.e. in a tame extension whose Galois group is a
semidirect product of the inertia subgroup and its complement. In particular we can
take L2 such that L2/L1 is the unramiﬁed extension of L1 of degree
e
(e,r) = o(v
f ).
Let ˜˜H = Gal(L2/K) and
˜˜L = L˜L2. Since
˜˜H is the Galois group of a split tame
extension, we have
˜˜H = 〈τ˜〉o 〈v˜〉
with o(τ˜) = eL2/K = eL1/K , o(v˜) = fL2/K and v˜
−1τ˜ v˜ = τ˜ q. The particular choice of
L2 implies that Gal(L2/L1) = 〈v˜f 〉.
˜˜L
L˜
L2
(Z/pZ)`
L L1
(Z/pZ)`
tot.ram
unram.
K
H˜p`
It easy to see that Gal( ˜˜L/L2) ' Gt ' (Z/pZ)`, Gal( ˜˜L/L) ' ˜˜H and thus Gal( ˜˜L/K) '
Gt oρ ˜˜H. This means that there exists a representation ρ of ˜˜H of dimension ` over
Fp which factors through H˜ ' ˜˜H/〈v˜f 〉 and the induced map ρ¯ : H˜ → GL(`,Fp) must
give the action of H˜ on Gt. ρ is irreducible, since otherwise Gt would have a proper
H˜-submodule, but not necessarily faithful. Nevertheless, since the action of H˜ on
Gt is faithful and L2/L1 being the unramiﬁed extension of L1 degree
e
(e,r) , ρ is still
faithful in 〈τ˜〉 and Kerρ = 〈v˜f 〉. In fact, since ρ factors through H˜, Kerρ ⊇ 〈v˜f 〉 and,
since ρ¯ is injective being the action of H˜ faithful on Gt, Kerρ = 〈v˜f 〉.
The advantage of passing from H˜ to ˜˜H is due to the fact that we can now use Lemma
1.9 to obtain a precise description of ρ.
By Lemma 1.9, there exist α, β ∈ F∗p such that ρ is the sum of the conjugates of
the representation obtained by induction from the 1-dimensional representation on
which τ˜ and v˜c (with 〈v˜c〉 = C〈v˜〉(〈τ˜〉)) act as multiplication by α and β respectively.
Moreover, by equation (1.1), α and β are such that
` = lcm
(
rw
(r, fK)
, r
)
,
where r = [Fp(α) : Fp] and w = [Fp(β) : Fp].
Therefore we must have r = 1 or r = ` (and also w = 1 or w = `). This means
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that our representations over Fp are either the sum of the ` conjugates of a 1-
dimensional representation deﬁned over Fp` , or it is the only conjugate of an induced
representation from a 1-dimensional one.
Since H˜ is isomorphic to ˜˜H/kerρ, we are interested in the image of ˜˜H under ρ.
If r = 1 then α ∈ F∗p, i.e. e = o(τ˜) = o(α) | p − 1, therefore τ˜ q = τ˜ so that ˜˜H is
abelian. It follows that the image of ˜˜H under ρ is cyclic, isomorphic to the subgroup
of F∗
p`
generated by α and β. Therefore in this case L1 ⊆ F .
If r = `, then we have to distinguish two cases: ` | fK and ` - fK . In the ﬁrst case,
we have again τ˜ q = τ˜ and hence ˜˜H abelian; since r = `, by the same argument of
the previous case, H˜ is isomorphic to a subgroup of F∗
p`
. If ` - fK then v˜ acts as
elevation to p and ˜˜H is not abelian. But 〈τ˜〉o 〈v˜`〉 is abelian and its image under ρ
is cyclic, isomorphic to the subgroup C of F∗
p`
generated by α and β. Moreover, the
image of v˜ is isomorphic to the product of β by an element of order ` which acts as
elevation to p. It follows that the image of ˜˜H under ρ is isomorphic to a subgroup of
C oGal(Fp`/Fp)
with C < F∗
p`
. Therefore again, we ﬁnd that L1 is contained in F .
It follows that L˜ = LL1 ⊆ LF . L˜/L1 is totally and wildly ramiﬁed since L/K is,
therefore L˜∩F = L1 and Gal(LF/F ) ' Gt. This means that LF/F is an elementary
abelian extension of degree p`. Thus, by Kummer theory, LF = F ( p
√
Ξ) for some
subgroup Ξ of F ∗/F ∗p of dimension ` as Fp-vector space. Moreover, LF/K is Galois
because LF = L˜F and L˜/K and F/K are Galois, so Ξ is a H-module (the action of
H being that induced by the action on F ∗) and it is irreducible because otherwise
Gt would have a proper H˜-submodule.
Note that the conjugates of L over K lead to the same H-module Ξ with this con-
struction. In fact the construction of Ξ starts from the normal closure of L which is
also the normal closure of all its conjugates. Thus we can deﬁne a map Ψ from the
set of the isomorphism classes of p`-extensions of K having no intermediate ﬁelds to
the set of the irreducible H-submodules of F ∗/F ∗p of dimension ` over Fp.
Conversely, we show that each irreducible H-submodule of dimension ` of F ∗/F ∗p
corresponds to the isomorphism class of an extension of degree p` of K having no
subextensions. Note that p - o(H) since F is the composite of normal extensions of
degree prime to p.
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Let Ξ be an irreducible H-submodule of F ∗/F ∗p which has dimension ` as vector
space over Fp. PutM = F ( p
√
Ξ), thenM/K is a Galois extension and S = Gal(M/F )
is a H-module which is irreducible because Ξ is. Let G be the Galois group ofM/K.
Since S is a normal subgroup of G of order p` and G/S ' H has order prime to p, by
Schur-Zassenhaus Theorem we have G ' S oH. Let L be the ﬁxed ﬁeld of H; the
ﬁelds ﬁxed by the conjugates of H in G form the isomorphism class of the extension
L/K. Each of these extensions has degree p` and has no intermediate extensions.
In fact, let T be such that K ⊆ T ⊆ L; T is the ﬁeld ﬁxed by a subgroup C of G,
and since L ⊇ T we have C ⊇ H. Therefore C ' S0 o H with S0 < S, but S is
irreducible as H-module so S0 = {1} or S0 = S, i.e. T = L or T = K.
It follows that we can deﬁne a map Φ from the set of the irreducible H-submodules
of dimension ` of F ∗/F ∗p to the set of the isomorphism classes of p`-extensions of K
having no intermediate ﬁelds.
Finally it is easily seen that Ψ and Φ are inverse to each other.
Remark. The theory developed in Section 1.3 about the structure of F ∗/F ∗p as
Fp[H]-module holds in the present situation in which F is the smallest ﬁeld we can
take working for the correspondence.
2.2 The total number of isomorphism classes
Let V be an irreducible Fp[H]-submodule of F ∗/F ∗p of dimension `. From what we
have said above, viewing V as irreducible representation ofH over Fp, it is isomorphic
to the sum of the conjugates over Fp of an irreducible representation of H over Fp,
which we have denoted by J(α,β). If r = [Fp(α) : Fp] and w = [Fp(β) : Fp], by
equation (1.2) we have
dimFpV = lcm
(
rw
(r, fK)
, r
)
= `, (2.1)
therefore r = 1 or r = `. It follows that s = r(r,fK) = 1 or s = `. We must distinguish
two cases: ` | fK and ` - fK .
If ` | fK , then r and w must be equal to 1 or ` and at least one of them must be
equal to `. It follows that we have exactly (p` − 1)2 − (p− 1)2 possible pairs (α, β);
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moreover, since s = r(r,fK) = 1, according to (1.5), for each of them there are
p`nK−1
p`−1
representations over Fp containing a representation isomorphic to J(α,β). Finally, we
have to take into account that the pairs (α, β), (αp, βp), . . . , (αp
`−1
, βp
`−1
) lead to the
same representation over Fp.
Collecting all the informations, we ﬁnd that if ` | fK there are exactly
1
`
p`nK − 1
p` − 1 ((p
` − 1)2 − (p− 1)2)
isomorphism classes of extensions of degree p` of K having no intermediate ﬁelds.
If ` - fK then equation (2.1) says that one of r and w must be 1 and the other `.
For r = 1 and w = `, we have again s = dimJ(α,β) = 1 and d = ` therefore, for
each of the (p− 1)(p` − 1)− (p− 1)2 possible choices of (α, β), there are p`nK−1
p`−1 Fp-
representations containing a representation isomorphic to J(α,β), and for the same
reason as above this number must be divided by `. So for α ∈ F∗p and β ∈ F∗p` we
have 1`
p`nK−1
p`−1 (p− 1)(p`− p) irreducible representations of H of dimension ` over the
Fp-vector space F ∗/F ∗p.
To these we have to add those obtained from r = ` and w = 1. In this case
s = ` and d = 1, i.e. J(α,β) is already deﬁned over Fp, therefore for each of the
(p` − 1)(p − 1) − (p − 1)2 possible pairs (α, β) there are p`nK−1p−1 representations
isomorphic to J(α,β). This value needs to be divided by ` because from the deﬁnition
of J(α,β) one has J(α,β) = J(αp,β) = · · · = J(αp`−1 ,β). It follows that for α ∈ F∗p` and
β ∈ F∗p there are 1` (p`nK − 1)(p` − p) irreducible representations of H of dimension `
over F ∗/F ∗p.
Adding the two contributions one ﬁnds
1
`
(p`nK − 1)(p` − p) + 1
`
p`nK − 1
p` − 1 [(p− 1)(p
` − 1)− (p− 1)2] =
1
`
p`nK − 1
p` − 1 [(p
` − 1)2 − (p− 1)2]
isomorphism classes of extensions of degree p` of K having no intermediate ﬁelds.
Note that we have obtained the same number of isomorphism classes of extensions
as in the case ` | fK .
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2.3 Classifying according to the Galois group
In the previous section we have counted all the isomorphism classes of extensions of
degree p` of K having no intermediate ﬁelds. To each of them we can associate a
group, that is the Galois group of the normal closure of the extensions over K. It
turns out that some isomorphism classes are associated to the same group, i.e. non
isomorphic p`-extensions of K may have normal closure with the same Galois group.
In this section we identify all possible groups that can appear as the Galois group
of the normal closure of a p`-extension of K having no intermediate ﬁelds, and for
each of them we count the number of isomorphism classes of extensions which are
associated to it.
First of all observe that if L/K is a p`-extension having no intermediate ﬁelds
and L˜ is its normal closure then, by Theorem 2.1,
Gal(L˜/K) ' V oρ¯ H¯
where ρ¯ is the map induced on the quotient H¯ = H/kerρ and the pair (V, ρ) is the
representation of dimension ` of H in F ∗/F ∗p, which corresponds to the class of
L/K under the correspondence of Theorem 2.1. In other words, Gal(L˜/K) is the
semidirect product of V with the largest quotient of H acting faithfully on it.
Fixing a basis of the Fp-vector space V , we can identify the image of ρ with a
subgroup of GL(`,Fp), so that Gal(L˜/K) ' (F+p )` o Hρ where Hρ represents the
action of H¯ on V given by ρ¯, expressed with respect to the ﬁxed basis.
Now observe that, for what we have said above, our representations are sums of the
conjugates of s-dimensional representations J(α,β), where s = 1 or s = ` and α, β ∈
F∗
p`
: if s = 1 then J(α,β) is deﬁned over Fp` and H¯ is abelian, so Hρ = H(α,β) is cyclic
since it is isomorphic to the homomorphic image of a ﬁnite group in GL(1,Fp`) = F∗p` ;
if s = ` then J(α,β) is already deﬁned over Fp but the group H(α,β) of the matrices
which describes the action of H¯ is not abelian.
The normal closures of two isomorphism classes have the same Galois group if and
only if
(F+p )` oH(α,β) ' (F+p )` oH(α′,β′)
and this happens if and only if the two subgroups H(α,β), H(α′,β′) of GL(`,Fp) are
conjugate over GL(`,Fp). In fact, if σ : (F+p )` o H(α,β) −→ (F+p )` o H(α′,β′) is an
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isomorphism then for every A ∈ H(α,β) the following diagram must be commutative
F`p
σ|F`p

A // F`p
σ|F`p

F`p σ(A)
// F`p
where σ|F`p ∈ Aut(F`p) and thus can be expressed as an invertible matrix in GL(`,Fp).
To classify the various case depending on the value of s = r/(r, fK), we must distin-
guish two diﬀerent situations: ` | fK and ` - fK .
For what will follow it is convenient to introduce the function ψ(a, b) that maps
(a, b) ∈ N×N to the number of elements of order a in the group Ca ×Cb. It can be
expressed as
ψ(a, b) = a · (a, b) ·
∏
l prime
l|(a,b)
(
1− 1
l2
)
·
∏
l prime
l|a
l-(a,b)
(
1− 1
l
)
.
Moreover, for every c dividing p` − 1, we deﬁne the function λ(c, p) as
λ(c, p) =

1 if p ≡ 2, . . . , `− 1 (mod `) or
p ≡ 1 (mod `) and, v`(c) = 0 or v`(c) = v`(p` − 1)
1
` if p ≡ 1 (mod `) and v`(p− 1) < v`(c) < v`(p` − 1)
1
`+1 if p ≡ 1 (mod `) and 0 < v`(c) ≤ v`(p− 1)
(2.2)
CASE ` | fK .
Theorem 2.2. Let K be a p-adic ﬁeld, fK its inertial degree over Qp and nK =
[K : Qp]. Let ` be a prime number and suppose that ` | fK . Then the Galois group
of the normal closure of a p`-extension of K having no intermediate ﬁelds is of type
F+
p`
oC, where C is a subgroup of F∗
p`
not contained in F∗p with the natural action on
F+
p`
.
Moreover, for every integer c dividing p`−1 but not p−1, if C is the cyclic subgroup
of F∗
p`
of order c, then there are
n(c) =
1
`
ψ(c, p` − 1)p
`nK − 1
p` − 1
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isomorphism classes of p`-extensions of K having no intermediate ﬁelds whose nor-
mal closure has Galois group isomorphic to F+
p`
o C.
Proof. Since ` is a prime number and ` | fK , from (2.1) we have that the dimension
is ` if and only if r and w are equal to 1 or ` and at least one of the two is equal to
`. Moreover for every α and β satisfying this condition, we always have dimJ(α,β) =
s = r(r,fK) = 1. It follows that H(α,β) is generated by the diagonal matrices
α
αp
. . .
αp
`−1
 ,

β
βp
. . .
βp
`−1

and therefore it is isomorphic to the cyclic subgroup of F∗
p`
generated by α and β.
Therefore the only case in which (F+p )` o H(α,β) ' (F+p )` o H(α′,β′) is when {α, β}
and {α′, β′} generate groups of the same order.
Note that if α and β generate the cyclic subgroup C of F∗
p`
then (F+p )` oH(α,β) '
F+
p`
o C, where C acts in the natural way on F+
p`
.
Let c | p`−1 but c - p−1, then the number of pairs (α, β) in F∗
p`
×F∗
p`
having order c
is equal to ψ(c, p` − 1). Since s = 1 for each of them, the number of representations
in F ∗/F ∗p deﬁned over Fp and containing a representation isomorphic to J(α,β) is
(p`nK − 1)/(p` − 1). Observe that we need to count together (α, β), (αp, βp) . . .
(αp
`−1
, βp
`−1
) since they lead to the same representation over Fp, so we must divide
by `.
It follows that if C is the cyclic group of order c in F∗
p`
, the number of classes of
extensions whose normal closure has Galois group isomorphic to F+
p`
o C (where C
acts naturally on F+
p`
) is exactly
1
`
ψ(c, p` − 1)p
`nK − 1
p` − 1 .
The groups of type F+
p`
o C with C < F∗
p`
is the only groups that can appear as
Galois group of the normal closure of a p`-extension of K having no intermediate
ﬁelds when ` | fK .
CASE ` - fK .
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Theorem 2.3. Let K be a p-adic ﬁeld, fK its inertial degree over Qp and nK = [K :
Qp]. Let ` be a prime number and suppose that ` - fK . Then the Galois group of the
normal closure of a p`-extension of K having no intermediate ﬁelds is either of type
F+
p`
o C, where C is a subgroup of F∗
p`
not contained in F∗p (with the natural action
on F+
p`
), or of type (Fp)` oH, where H ⊆ GL(`,Fp) is isomorphic to a non abelian
subgroup of F∗
p`
oGal(Fp`/Fp).
Moreover,
• for every integer c dividing p` − 1 but not p− 1, if C is the cyclic subgroup of
F∗
p`
of order c, then there are
n(c) =
1
`
ψ(c, p` − 1)p
`nK − 1
p` − 1
isomorphism classes of p`-extensions of K having no intermediate ﬁelds whose
normal closure has Galois group isomorphic to F+
p`
o C;
• for every non abelian subgroup H ⊆ GL(`,Fp) isomorphic to a subgroup Z of
F∗
p`
oGal(Fp`/Fp), if C = Z ∩ F∗p` has order c then there are
n(H) =
λ(c, p)ψ(c, p− 1)
1
`
p`nK−1
p−1 if C → Z splits
1−λ(c,p)
`−1 ψ(c, p− 1)1` p
`nK−1
p−1 if C → Z does not split
isomorphism classes of p`-extensions of K having no intermediate ﬁelds whose
normal closure has Galois group isomorphic to (Fp)` oH.
Proof. Since ` - fK from (2.1), the dimension of a representation of H over Fp is `
when one of r, w is 1 and the other `.
For r = 1 and w = `, i.e. for the pairs α, β with α ∈ F∗p and β ∈ F∗p` , it turns out
again dim J(α,β) = s = 1 so, as above, the group H(α,β) acting on the representation
is cyclic of order equal to the order of (α, β) in (F∗p × F∗p`) \ (F∗p × F∗p) and for each
pair (α, β) there are (p`nK − 1)/(p`− 1) representations over Fp containing a unique
copy of J(α,β).
Let c | p`−1 but c - p−1, the possible pairs (α, β) in F∗p×F∗p` of order c are ψ(c, p−1).
Thus, similarly to above, if C is the cyclic group of order c in F∗
p`
then the number
of classes of extensions whose normal closure has Galois group isomorphic to F+
p`
oC
is
1
`
ψ(c, p` − 1)p
`nK − 1
p` − 1 .
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For r = ` and w = 1 we have dim J(α,β) = s =
r
(r,fK)
= ` and J(α,β) is already deﬁned
over Fp. It follows that the group H(α,β) coincides with the group of matrices which
describe the action on J(α,β).
Recalling that q = pfK and ` - fK , from the study of the representations of H we
have made in Section 1.3, we ﬁnd that the action of H on J(α,β) is described by the
matrices
Tα =

α
αp
. . .
αp
`−1
 , Vβ =

β
1
. . .
1
 .
So H(α,β) = 〈Tα, Vβ〉 is a non-abelian group. Moreover the number of representations
contained in F ∗/F ∗p isomorphic to J(α,β) is exactly (p`nK −1)/(p−1). This number
must be divided by ` when one takes into account that the pairs (α, β), (αp, β) . . .
(αp
`−1
, β) in F∗
p`
× F∗p give the same representation.
It remains to multiply by the number of pairs (α′, β′) such that (F+p )` o 〈Tα′ , Vβ′〉 '
(F+p )` o 〈Tα, Vβ〉. For what we have remarked above, this means that we have to
count the number of pairs (α′, β′) ∈ F∗
p`
× F∗p such that 〈Tα′ , Vβ′〉 and 〈Tα, Vβ〉 are
conjugate in GL(`,Fp) (note that this is equivalent to require that they are conjugate
in GL(`,Fp`)).
It turns out that H(α,β) is conjugate to H(α′,β′) if only if there exists a matrix
M ∈ GL(`,Fp) such that M−1H(α,β)M = H(α′,β′) and diagonal matrices are sent
to diagonal matrices.
In fact, the subgroup of the diagonal matrices of H(α,β) is generated by Tα and V `β , it
is a maximal cyclic subgroup 〈Tγ〉 of H(α,β) of order equal to o(γ) = lcm(o(α), o(β))
and index `. Suppose that H(α,β) and H(α′,β′) are conjugate, then the maximal cyclic
subgroups of the diagonal matrices have the same order, and in particular they are
equal since they are isomorphic to the same subgroup of F∗
p`
via the same map.
Therefore H(α,β) = 〈Tγ , Vβ〉 and H(α′,β′) = 〈Tγ , Vβ′〉.
Now, H(α,β) and H(α′,β′) have either only one maximal cyclic subgroup, that is
the subgroup of the diagonal matrices, or ` + 1 maximal cyclic subgroups (one of
which is that of the diagonal matrices). In the ﬁrst case, there is nothing to prove
since clearly all the conjugations send diagonal matrices in diagonal matrices. For
the second case, observe that by the proof of Theorem 2.1, H(α,β) is isomorphic to
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〈(γ, id), (γ, φp)〉 ⊆ F∗p` oGal(Fp`/Fp), i.e. it is isomorphic to a subgroup of the nor-
malizer of a Cartan subgroup of GL(`,Fp).
The key point is to observe that there always exists a basis under which (γ, id) and
(γ, φp) are represented by the generators of any two cyclic subgroups of index ` of
H(α,β) and every pairs of these matrices generate the whole group H(α,β). This is
enough to prove that we can suppose not only 〈Tγ〉 is sent to 〈Tγ〉 but also that
〈Tα` , Vβ〉 goes in 〈Tα′` , Vβ′〉.
Therefore there exists a diagonal matrix D = T iαV
`j
β ∈ H(α,β) such that
M−1(DVβ)M = Vβ′ .
This leads to
β′ = γk(p
`−1+···+p+1)β,
for some k ∈ Z and where γ ∈ F∗
p`
has order lcm(o(α), o(β)) = lcm(o(α′), o(β′)).
Consequently the Galois group is identiﬁed by the order of the cyclic group C =
〈γ〉 ⊆ F∗
p`
and the class of β in (C ∩ F∗p)/Cp
`−1+···+p+1.
Let c be the order of C. Since
(p− 1, p`−1 + · · ·+ p+ 1) =
` if p ≡ 1 (mod `)1 if p ≡ 2, . . . , `− 1 (mod `) or p = `
we have ∣∣∣∣ C ∩ F∗pCp`−1+···+p+1
∣∣∣∣ =
` if p ≡ 1 (mod `) and 0 < v`(c) < v`(p` − 1)1 otherwise.
Clearly, if |(C∩F∗p)/Cp
`−1+···+p+1| = 1 then there is only one class mod Cp`−1+···+p+1,
therefore every pairs (α, β) such that α and β generate C give (class of) extensions
with isomorphic Galois groups.
We now consider the case |(C ∩ F∗p)/Cp
`−1+···+p+1| = `.
Suppose `k ‖ c, then β ∈ Cp`−1+···+p+1 if and only if its order is not divisible by a
power of ` greater than `k/(`k, p`−1 + · · ·+ p+ 1).
On the other hand, we have that β ∈ Cp`−1+···+p+1 if and only if the map C ↪→
〈Tα, Vβ〉 splits (abusing notation, we have identiﬁed C with its image in 〈Tα, Vβ〉).
In fact, this map splits if and only if β has an `-root in C, i.e. there exists t ∈ C
such that t` = β. This is equivalent to say that there exists r ∈ C such that
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rp
`−1+···+p+1 = β since Cp`−1+···+p+1 = (C ∩ F∗p)p
`−1+···+p+1 = (C ∩ F∗p)`.
We write F∗
p`
×F∗p as direct sum of l-groups for each prime l, and chose the components
of (α, β) in this sum among the elements of the correct order. For what we have said
above, for l 6= ` the choice of the l-component of (α, β) has no eﬀect on the condition
β ∈ Cp`−1+···+p+1.
For l = `, if Cn denotes the cyclic group of order n, the `-part of F∗p`×F∗p is C`m+z×C`z
where `m ‖ p`−1 +· · ·+p+1 and `z ‖ p−1. Recall that `k ‖ c for some 1 ≤ k < m+z.
Since we are considering the case (p − 1, p`−1 + · · · + p + 1) = `, we have z = 1 or
m = 1.
If z = 1 then the `-part of Cp
`−1+···+p+1 is trivial, therefore β ∈ Cp`−1+···+p+1 when
the `-component of (α, β) is of type (x, 1), and this happens for φ(`
k)
`φ(`k)
= 1` of the
possible `-components when k > 1 and for `−1
`2−1 =
1
`+1 of the possible `-components
when k = 1.
If m = 1 then β ∈ Cp`−1+···+p+1 if its order is not divisible by a power of ` greater
than `k−1, therefore the `-component of (α, β) must be of type (x, y) with the order
of x greater than the order of y; this is true for φ(`
k)`k−1
2φ(`k)`k−φ(`k)2 =
1
`+1 of the elements
with correct order.
Recollecting all the informations achieved, we have that if λ is the function deﬁned
in (2.2), then λ(c, p)ψ(c, p− 1) is the number of pairs (α, β) such that the group C
generated by α and β has order c and β ∈ Cp`−1+···+p+1, while (1−λ(c, p))ψ(c, p−1)
counts the same pairs but with β /∈ Cp`−1+···+p+1.
Finally, to conclude the proof, it remains to observe that the β's not contained in
Cp
`−1+···+p+1 are equally distributed in each of the ` − 1 non trivial classes modulo
Cp
`−1+···+p+1.
2.4 Ramiﬁcation groups and Discriminant
We know that there is a one-to-one correspondence between the isomorphism classes
of extensions of degree p` of K having no intermediate extensions and the irreducible
H-submodules of dimension ` of F ∗/F ∗p, or equivalently, the abelian p`-extensions
of F of exponent p, Galois over K, having no intermediate subextensions that are
Galois over K.
Denote by Cp` the composite of all extensions of degree p
` of K having no interme-
diate ﬁelds. Clearly Cp`/K is Galois. We want to determine the ramiﬁcation groups
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of its Galois group.
Let G = Gal(Cp`/K). As usual for i ≥ −1 we denote by Gi the i-th ramiﬁcation
group of G .
Lemma 2.4. One has
Cp` = A
(p`)
F
where A
(p`)
F is the composite of all abelian p
`-extensions of F of exponent p having
no other subextensions that are Galois over K.
Proof. If L/K is a p`-extension having no intermediate ﬁelds, then LF is contained
in A
(p`)
F (see proof of Theorem 2.1), therefore Cp` ⊆ A (p
`)
F .
Conversely, let E be an abelian p`-extension of F of exponent p, Galois over K
having no subextensions that are Galois over K. As seen in the proof of Theorem
2.1, Gal(E/K) ' Ξ o H where Ξ is the Fp[H]-submodule of F ∗/F ∗p of dimension
` which corresponds to E/F by Kummer theory, EH is an extension of K of degree
p` having no intermediate ﬁelds, so that EH ⊆ Cp` , and EHF = E.
Since EH ⊆ Cp` , the Galois closure of EH over K is also contained in Cp` (Cp`/K
being Galois) and it is the composite of EH with a suitable subextension of F/K
(see proof of Theorem 2.1), which is then contained in Cp` . By the deﬁnition of F ,
as E varies through the elements of A
(p`)
F with E/K Galois, these subextensions
generate F , so that F ⊆ Cp` and hence E ⊆ Cp` . In fact F is the composite of all
normal extensions of K of degree prime to p whose Galois group is isomorphic to a
subgroup of F∗
p`
or to a non abelian subgroup of F∗
p`
o Gal(Fp`/Fp) and for each of
these subextensions, by Theorem 2.2 and 2.3, there exists E ⊆ A (p`)F such that the
Galois closure of EH over K contains this subﬁeld of F .
Finally observe that these extensions E are suﬃcient to generate A
(p`)
F , thus we have
A
(p`)
F ⊆ Cp` .
Lemma 2.4 implies that Cp`/F is a subextension of AF /F , where AF is the
maximal abelian extension of F of exponent p. Thus [Cp` : F ] = p
t for some t ≤
nF + 2 (see [DCD07, Prop 3]). By Kummer theory, we know that Cp` corresponds
to a subgroup of F ∗/F ∗p and [Cp` : F ] is equal to the order of this subgroup (clearly
F contains the p-th roots of 1).
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Proposition 2.5. One has
[Cp` : F ] =
p((p
`−1)2−(p−1)2)nK if ` | fK
p(`+1)(p
`−p)(p−1)nK if ` - fK
.
Proof. By Lemma 2.4, [Cp` : F ] = [A
(p`)
F : F ] and A
(p`)
F = F (
p
√
∆), where ∆ is the
Fp[H]-submodule of F ∗/F ∗p generated by the irreducible submodules of dimension
`. It follows that [Cp` : F ] is the order of ∆.
∆ can be generated by a ﬁnite number of disjoint irreducible Fp[H]-submodules of
dimension `; clearly if m is their number then [Cp` : F ] = p
`m.
By (1.3), we know that
F ∗/F ∗p ' Fp ⊕
⊕
i∈J0,IF KMi ⊕Mω
as Fp[H]-modules; the Fp[H]-modules of dimension ` are contained in
⊕
i∈J0,IF KMi.
Moreover, we know that such a module V is the sum of the conjugates of a certain
J(α,β), which is an Fp[H]-submodule of M i = Mi ⊕Fp Fp; as α and β vary in F∗p`
we ﬁnd all the irreducible representations of dimension ` contained in F ∗/F ∗p. The
multiplicity of V in
⊕
i∈J0,IF KMi is equal to that of J(α,β) in Y = ⊕i∈J0,IF KM i:
it counts the number of disjoint Fp-vector space (respectively Fp-vector space) in
F/F ∗p on which H acts as on V (respectively J(α,β)).
In particular, by equation (2.1), if ` | fK then to achieve Fp-representations of
dimension ` we must have (α, β) ∈ (F∗
p`
× F∗
p`
) \ (F∗p × F∗p) and, for each of these
pairs, J(α,β) has dimension 1 and multiplicity nK . As usual observe that the Fp-
representation containing J(α,β) is equal to that containing its other `−1 conjugates,
that is J(αp,βp), . . . , J(αp`−1 ,βp`−1 ). Therefore we have
m =
1
`
[(p` − 1)2 − (p− 1)2]nK .
If ` - fK , then only one between α and β is in F∗p`\F∗p and the other in F∗p. The J(α,β)'s
with α ∈ F∗
p`
and β ∈ F∗p have no conjugates diﬀerent from itself and multiplicity
`nK , but J(α,β) = J(αp,β) = · · · = J(αp`−1 ,β); while the J(α,β)'s with α ∈ F∗p and
β ∈ F∗
p`
have multiplicity nK and ` conjugates like the previous case. Thus we have
m = (p` − p)(p− 1)nK + 1
`
(p− 1)(p` − p)nK .
Substituting in [Cp` : F ] = p
`m, we obtain the thesis.
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Observe that, by the Theorem 2.1, G ' G oH, where G is the Galois group of
Cp` over F . It is well known that G−1 = G , G0 is the inertia subgroup of G and
G1 is the p-Sylow subgroup of G0. By the proof of Proposition 2.5 we have that
Cp`/F is a totally ramiﬁed extension; in fact Cp` = F (
p
√
∆) where ∆ is contained in⊕
i∈J0,IF KMi which is disjoint fromMω that corresponds to the unramiﬁed extension
of F of degree p (Cp`/F can contain no other unramiﬁed subextension since it is
elementary abelian and therefore its cyclic subextensions are of degree p). It follows
that G0 is isomorphic to GoH0 where H0 is the inertia subgroup of H, while Gi ' Gi
for all i ≥ 1 since F/K is tame.
It is suitable to search the upper numbering ramiﬁcation groups because, if L is a
Galois extension of F contained in Cp` and GL = Gal(Cp`/L) then for all v one has
(G/GL)
v ' GvGL/GL (see [Ser79], Ch. IV, 3, Prop. 14) and, in our case, if also
L has degree p` over F and is Galois over K, then the groups (G/GL)
v are easy to
describe.
Lemma 2.6. Let
d =
((p` − 1)2 − (p− 1)2)nK if ` | fK(`+ 1)(p` − p)(p− 1)nK if ` - fK .
One has
dimFpG
v =

d if −1 ≤ v ≤ 1
d−
(
dve −
⌈
v
p
⌉)
fF if 1 < v ≤ peFp−1 − 1
0 if v > peFp−1 − 1
.
Proof. First of all observe that Cp`/F is a totally and wildly ramiﬁed extension,
therefore G−1 = G0 = G1 = G; moreover a simple calculation of the Herbrand's
function (see [Ser79], Ch. IV, 3) yields to G1 = G1 so that for −1 ≤ v ≤ 1 one has
Gv = G = Gal(Cp`/F ) and dimFpG
v = d. Moreover, since Cp`/F is an elementary
abelian p-extension, by Theorem 12 of [CDC15], for every v > peF /(p− 1) we have
Gv = 1, i.e. dimFpG
v = 0. It remains to determine dimFpG
v when 1 < v ≤
peF /(p− 1).
Let L be an abelian p`-extension of F of exponent p having no subextensions that
are Galois over K and let GL = Gal(Cp`/L).
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As remarked before, we know that for all v one has (G/GL)
v ' GvGL/GL, hence
Gv =
⋂
(G/GL)v=1
GL.
Via Galois theory, this group corresponds to CG
v
p`
=
∏
L, with the composite taken
over the abelian p`-extensions L/F satisfying the previous condition, i.e. such that
(G/GL)
v = 1. It follows that dimFpG
v is equal to d minus the dimension of the
Fp-vector space associated to
∏
L by Kummer theory.
Since G/GL ' Gal(L/F ) ' (Z/pZ)`, by Proposition 7 in [CDC15] L/F has an
upper ramiﬁcation jump in t if and only if there exists a subextension N/F of degree
p with upper ramiﬁcation jump equal to t; moreover the jumps can only appear
in the integers t such that 1 ≤ t ≤ peF /(p − 1) and (t, p) = 1. Therefore, for all
v > peF /(p− 1), (G/GL)v = 1 for every abelian p`-extension L/F .
Let v be a real number such that 1 < v ≤ peF /(p− 1), then Gv = Gdve and Gdve is
the subgroup of G ﬁxing the composite of all the abelian p`-extensions L/F which
have a jump in J = {1, . . . , dve − 1}. Using Proposition 14 of [CDC15] and the
analysis of the possible representation associated to L we have made in section 1.3,
we ﬁnd that there are fF disjoint extensions L/F which have a jump in a ﬁxed t ∈ J
and (t, p) = 1. Since the possible t's are dve −
⌈
v
p
⌉
, we have the thesis.
Note that our result is in agreement with Lemma 9 of [DCD07].
We can now prove the following
Proposition 2.7. Let d be as in previous Lemma 2.6. The ramiﬁcation groups Gi
of Cp`/K are:
G−1 = G = GoH,
G0 = GoH0,
Gi = (Z/pZ)d−kfF if t(k − 1) < i ≤ t(k),
Gi = {e} if i > t(eF − 1),
where t(−1) = 0, t(0) = 1 and for every 1 ≤ k ≤ eF − 1,
t(k) =
t(k − 1) + pkfF if k 6≡ 0 (mod p− 1)t(k − 1) + 2pkfF if k ≡ 0 (mod p− 1).
Therefore there are eF + 2 jumps in the lower ramiﬁcation groups.
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Proof. The claim for G−1 and G0 is clear by the considerations we have made before,
G1 = G1 since Cp`/F is wildly ramiﬁed and so F/K is the maximal tame subex-
tension. The rest of the Proposition follows by Lemma 2.6 with simple calculations,
recalling that Gi = Gi for all i ≥ 1 and the Herbrand's function (see [Ser79], Ch. IV,
3)
Gv = Gψ(v) with ψ(v) =
∫ v
0
(G0 : Gw)dw
which relates the upper and the lower ramiﬁcation ﬁltrations.
Lemma 2.6 says that G has jumps in the upper ramiﬁcation in every integers ofJ0, peFp−1K, i.e. in the integers of the set {1 ≤ v ≤ peFp−1 − 1 | v 6≡ 0 (mod p)}; every such
jump of G gives a jump in the lower ramiﬁcation of G , and these together with −1
and 0 are exactly the eF + 2 jumps of G .
Finally we determine the discriminant dC
p`
/K of Cp`/K.
Proposition 2.8. If piK is a uniformizer of K and d = [Cp` : F ] as in the previous
Lemma 2.6 then
dC
p`
/K = (piK)
α
where
α = fF/K
((
[F : K]− 1 + p(eF + 1)− 1
p− 1
)
pd − 1− p
nF − 1
pfF − 1 −
pnF − 1
p(p−1)fF − 1
)
.
Proof. Using the well known formula
vC
p`
(DC
p`
/K) =
∞∑
i=0
(|Gi| − 1)
where DC
p`
/K is the diﬀerent of Cp`/K, one gets
vC
p`
(DC
p`
/K) = [F : K]p
d − 1 +
eF−1∑
k=0
(pd−kfF − 1)pkfF +
+
eF−1∑
k=1
k≡0 (mod p−1)
(pd−kfF − 1)pkfF .
The conclusion follows by a simple calculation, recalling that
dC
p`
/K = NC
p`
/K(DC
p`
/K)
where NC
p`
/K is the norm map and observing that, since Cp`/F is totally ramiﬁed,
NC
p`
/K(piCp` ) = (piK)
fF/K (piC
p`
is a uniformizer of Cp`).
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2.5 The ﬁeld F when ` = 2
We determine an explicit description of F in the case ` = 2.
Let F be the composite of all normal extensions of K of degree prime to p whose
Galois group is isomorphic to a subgroup of F∗p2 or to a non-abelian subgroup of F
∗
p2oθ
Gal(Fp2/Fp) where θ(φp) = φp|F∗
p2
∈ Aut(F∗p2) (φp the Frobenius automorphism), and
let H = Gal(F/K) (note that if p 6= 2 the hypothesis about the degree is redundant).
Denote by ζn a primitive n-th root of unity, then the following holds
Proposition 2.9. If p 6= 2 or, p = 2 and 2 | fK , one has F = K(ζ
qp
2−1
K −1
, pi) where
pip
2−1 = piK , [F : K] = (p2 − 1)2 and
H '
Z/(p
2 − 1)Z× Z/(p2 − 1)Z if 2 | fK(
Z/p
2−1
2 Z× Z/(p2 − 1)Z
)
o Z/2Z if 2 - fK
where, in the case 2 - fK , the non-zero element of Z/2Z acts trivially on Z/p
2−1
2 Z
and as multiplication by p on Z/(p2 − 1)Z.
If p = 2 and 2 - fK , one has F = K(ζq3K−1), [F : K] = 3 and H ' Z/3Z.
Proof. The case p = 2 and 2 - fK is simple because F∗4 oGal(F4/F2) ' S3 has only
one subgroup of odd order, that is the cyclic group of order 3, and since ζ3 /∈ K
there is only one normal extension of degree 3 of K, that is the unique unramiﬁed
one. The claim about the Galois group is then trivial.
To prove the remaining part of the proposition it is useful to distinguish two cases:
2 | fK and, 2 - fK and p 6= 2.
If 2 | fK then K contains the (p2 − 1)-th roots of unity. Therefore the unramiﬁed
extension K(ζ
qp
2−1
K −1
)/K and the totally ramiﬁed extension K(pi)/K are both cyclic
of order p2−1, so that K(ζ
qp
2−1
K −1
, pi) ⊆ F . We must show the inverse inclusion. Let
L/K be a normal extension with Galois group isomorphic to a subgroup of F∗p2 or
to a non-abelian subgroup of F∗p2 oGal(Fp2/Fp), and let e and f be its ramiﬁcation
index and inertial degree respectively. By basic theory, L = K(ζ
qfK−1
, piL) where piL
is a root of the polynomial Xe − upiK , for some root of unity u in K(ζqfK−1). The
thesis follows if we show that K(ζ
qfK−1
) ⊆ K(ζ
qp
2−1
K −1
) and that u is a e-th power in
K(ζ
qp
2−1
K −1
), i.e. K(ζ
qp
2−1
K −1
) contains the e(qfK−1)-th roots of unity. This last state-
ment is equivalent to show that e(qfK−1) | qp
2−1
K −1. If L/K is cyclic then ef | p2−1,
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and in particular e | p2 − 1 and f | p2 − 1 therefore K(ζ
qfK−1
) ⊆ K(ζ
qp
2−1
K −1
).
Moreover qp
2−1
K − 1 = qeftK − 1 = (qfK − 1)((qfK)et−1 + · · · + 1) and the factor at
the right is the sum of et addends, each of which is congruent to 1 modulo e be-
cause qK ≡ 1(mod e) since 2 | fK and p2 ≡ 1(mod e). So we have proved that
L ⊆ K(ζ
qp
2−1
K −1
, pi). Now we show that if 2 | fK then there exists no extension
L/K such that Gal(L/K) ' D o Gal(Fp2/Fp) with D < F∗p2 \ F∗p, thus proving
that F ⊆ K(ζ
qp
2−1
K −1
, pi). If p = 2, then this is trivial since F∗4 o Gal(F4/F2) ' S3
has no non-cyclic subgroup of odd order. If p 6= 2, it suﬃces to observe that every
quotient Gal(L/K)/G0 acts trivially on the inertia subgroup G0. This is true be-
cause one can easily see that, since D * F∗p, the only normal and cyclic subgroups
of DoGal(Fp2/Fp) are the subgroups of D ⊆ F∗p2 , therefore G0 can be embedded in
F∗p2 and the Frobenius φqK = φpfK acts trivially on it since fK is even.
Thus F = K(ζ
qp
2−1
K −1
, pi) and, since the extensions K(ζ
qp
2−1
K −1
)/K and K(pi)/K are
linearly disjoint, we have [F : K] = (p2 − 1)2 and H ' (Z/(p2 − 1)Z)2.
If 2 - fK and p 6= 2, then K does not contain the (p2 − 1)-th roots of unity. The
unramiﬁed extension K(ζ
qp
2−1
K −1
)/K is again cyclic of order p2 − 1, while the to-
tally ramiﬁed extension K(pi)/K is not cyclic (it is not even Galois). Neverthe-
less K(ζ
qp
2−1
K −1
, pi)/K is the composite of K(ζ
qp
2−1
K −1
)/K with the normal exten-
sion K(ζp2−1, pi), and this last is of the type asked because Gal(K(ζp2−1, pi)/K) '
F∗p2 oGal(Fp2/Fp).
K(ζ
qp
2−1
K −1
, pi)
K(ζ
qp
2−1
K −1
) K(ζp2−1, pi)
K(ζp2−1)
tot ram
p2−1
unram
p2−1
2
K(pi)
K
unram 2
So again K(ζ
qp
2−1
K −1
, pi) ⊆ F . It remains to prove the inverse inclusion. Let L/K
be a normal extension with Gal(L/K) isomorphic to a subgroup of F∗p2 or to a non-
abelian subgroup of F∗p2 o Gal(Fp2/Fp), e and f its ramiﬁcation index and inertial
degree respectively. As usual we can write L = K(ζ
qfK−1
, piL) where piL is a root of
the polynomial Xe−upiK , for some root of unity u in K(ζqfK−1), thus we must show
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that K(ζ
qfK−1
) ⊆ K(ζ
qp
2−1
K −1
) and that K(ζ
qp
2−1
K −1
) contains the e(qfK − 1)-th roots
of unity. If L/K is cyclic then ef | p2 − 1, therefore K(ζ
qfK−1
) ⊆ K(ζ
qp
2−1
K −1
) and,
like the previous case, qp
2−1
K − 1 = qeftK − 1 = (qfK − 1)((qfK)et−1 + · · ·+ 1) with the
factor at the right divisible by e since it is the sum of et addends, each of which is
congruent to 1 modulo e because qfK ≡ 1(mod e) since L/K(ζqfK−1) is cyclic and thus
K(ζ
qfK−1
) contains the e-th roots of unity. So L ⊆ K(ζ
qp
2−1
K −1
, pi). Suppose now that
Gal(L/K) ' D oGal(Fp2/Fp) with D < F∗p2 \ F∗p. Since the only normal and cyclic
subgroup of D o Gal(Fp2/Fp) are those of D, the inertia subgroup G0 is contained
in D ⊆ F∗p2 so |G0| = e | p2 − 1; moreover Gal(L/K)/G0 is a cyclic group of order
f , therefore it is contained in the largest abelian quotient of DoGal(Fp2/Fp) whose
order, as one can easily see, divides p2 − 1. It follows that necessarily f | p2 − 1 and
thus K(ζ
qfK−1
) ⊆ K(ζ
qp
2−1
K −1
). From e | p2 − 1 we also have 2 | f ; it follows that
K(ζ
qfK−1
) (and hence L) contains the cyclic subextension K(ζp2−1)/K of order 2
and Gal(K(ζ
qfK−1
, piL)/K(ζp2−1)) ' D, therefore by the previous case K(ζqfK−1, piL)
is contained in K(ζ
qp
2−1
K −1
, pi). This concludes the proof that F ⊆ K(ζ
qp
2−1
K −1
, pi).
Finally, observe that F is the composite of the Galois extensions K(ζ
qp
2−1
K −1
)/K
and K(ζp2−1, pi)/K, and that K(ζqp2−1K −1
) ∩K(ζp2−1, pi) = K(ζp2−1). We have that
K(ζ
qp
2−1
K −1
)/K(ζp2−1) is cyclic of order
p2−1
2 and K(ζp2−1, pi)/K(ζp2−1) is cyclic
of order p2 − 1, thus [F : K] = p2−12 (p2 − 1)2 = (p2 − 1)2 and Gal(F/K) '(
Gal(F
qp
2−1
K
/Fq2K )× F
∗
p2
)
o Gal(Fq2K/FqK ); taking into account that 2 - fK it is
easy to see that this group is isomorphic to that in the claim.
Chapter 3
Extensions of degree p4
We now apply the correspondence Theorem 1.8 to determine the number of isomor-
phism classes of extensions of degree p4 of K having no intermediate extensions, and
to identify the Galois group of their normal closure. As outlined in the Introduction,
we will see that this task is more laborious than that of the previous chapter, in
which we had extensions of degree p` with ` a prime number and so representations
of dimension a prime. The presence of a further divisor in the required dimension
of the representations gives rise to a relevant increase of the number of cases to deal
with.
In this chapter, F will be the composite of all normal and tame extensions of K
whose Galois group is a subgroup of GL(4,Fp), and H will be its Galois group over
K.
By equation (1.1), to study the extensions of degree p4 of K having no intermediate
ﬁelds, we have to force
dimFpV = lcm
(
rw
(r, fK)
, r
)
= 4. (3.1)
which implies r and w equal to 1, 2 or 4.
Analogously to the case of p`-extensions, if L/K is a p4-extension having no inter-
mediate ﬁelds and L˜ is its normal closure then, by Theorem 1.8,
Gal(L˜/K) ' V oρ¯ H¯
where ρ¯ is the map induced on the quotient H¯ = H/kerρ and the pair (V, ρ) is the
representation of dimension 4 of H in F ∗/F ∗p, which corresponds to the class of
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L/K under the correspondence of Theorem 1.8. In other words, Gal(L˜/K) is the
semidirect product of V with the largest quotient of H acting faithfully on it.
Fixing a basis of the Fp-vector space V , we can identify the image of ρ with a
subgroup of GL(4,Fp), so that Gal(L˜/K) ' (F+p )4 o Hρ where Hρ represents the
action of H¯ on V given by ρ¯, expressed with respect to the ﬁxed basis.
The normal closures of two isomorphism classes have the same Galois group if and
only if
(F+p )4 oHρ ' (F+p )4 oHρ′
and this happens if and only if the two subgroups Hρ, Hρ′ of GL(4,Fp) are conjugate
over GL(4,Fp).
For what will follow it is convenient to recall the function ψ(a, b) introduced in
Section 2.3: it maps (a, b) ∈ N×N to the number of elements of order a in the group
Ca × Cb and can be expressed as
ψ(a, b) = a · (a, b) ·
∏
l prime
l|(a,b)
(
1− 1
l2
)
·
∏
l prime
l|a
l-(a,b)
(
1− 1
l
)
.
By equation (3.1), we must distinguish two cases: 4 | fK and 4 - fK .
3.1 The total number of isomorphism classes and Galois
groups when 4 | fK
Theorem 3.1. Let K be a p-adic ﬁeld, fK be its inertial degree over Qp and nK =
[K : Qp]; suppose that 4 | fK . Then there are
1
4
p4nK − 1
p4 − 1 (p
8 − 3p4 + 2p2)
isomorphism classes of extensions of degree p4 of K having no intermediate ﬁelds.
Moreover the groups that can appear as Galois group of the normal closure of these
extensions are exactly those isomorphic to F+
p4
oC where C is a subgroup of F∗p4 not
contained in F∗p2 (with the natural action on F
+
p4
). In particular, for every c dividing
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p4 − 1 but not p2 − 1, if C is the subgroup of F∗p4 of order c, then there are
n(c) =
1
4
p4nK − 1
p4 − 1 ψ(c, p
4 − 1)
isomorphism classes of p4-extensions of K having no intermediate ﬁelds whose nor-
mal closure has Galois group isomorphic to F+
p4
o C.
Proof. By equation (3.1), since 4 | fK , we have the following possibilities
• r = 4 and w = 1, 2, 4,
• r = 2 and w = 4,
• r = 1 and w = 4.
In every case, one has dimFpJ(α,β) = s =
r
(r,fK)
= 1 and J(α,β) is deﬁned over Fp4
(because d = 4), thus following (1.5) the number of irreducible representations de-
ﬁned over Fp and containing a representation isomorphic to J(α,β) is 14
p4nK−1
p4−1 (having
taken into account that every conjugate of J(α,β) gives the same representation over
Fp).
Therefore the total number of isomorphism classes of extensions of degree p4 hav-
ing no intermediate extensions when 4 | fK is obtained multiplying 14 p
4nK−1
p4−1 by the
number of pairs (α, β) ∈ F∗p4 × F∗p4 with (α, β) /∈ F∗p2 × F∗p2 :
1
4
p4nK − 1
p4 − 1 ((p
4 − 1)2 − (p2 − 1)2) = 1
4
p4nK − 1
p4 − 1 (p
8 − 3p4 + 2p2).
Since J(α,β) has dimension 1, the group describing the action on it is cyclic, iso-
morphic to the cyclic group generated by α and β in F∗p4 . It follows that the
Galois group of the normal closure of each class of extensions is isomorphic to
F+
p4
o C, where C is the unique subgroup of F∗p4 of order equal to the order of
(α, β) ∈ (F∗p4 × F∗p4) \ (F∗p2 × F∗p2).
Therefore if C is the cyclic group in F∗p4 of ﬁxed order c with c | p4−1 and c - p2−1,
then the number of classes of extensions whose normal closure has Galois group
isomorphic to F+
p4
o C is
1
4
p4nK − 1
p4 − 1 ψ(c, p
4 − 1)
where ψ(c, p4 − 1) is the number of elements (α, β) in F∗p4 × F∗p4 of order c.
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3.2 The total number of isomorphism classes and Galois
groups when 4 - fK
To study this case we will make extensive use of the following result.
Lemma 3.2. Let H(α,β) be the subgroup of GL(n,Fqn) generated by
Tα =

α
αq
. . .
αq
n−1
 , Vβ =

β
1
. . .
1

with α ∈ F∗qn and β ∈ F∗q. Then the following hold:
1. Vβ acts as power to q on Tα via conjugation, i.e. V
−1
β TαVβ = T
q
α;
2. the subgroup of diagonal matrices is generated by Tα and V
n
β , and is cyclic
isomorphic to C := 〈α, β〉 ⊆ F∗qn;
3. H(α,β) is isomorphic to a subgroup of C oGal(Fqn/Fq);
4. a group 〈Tα′ , Vβ′〉 with α′ ∈ F∗qn and β′ ∈ F∗q is conjugate to 〈Tα, Vβ〉 if and
only if 〈α′, β′〉 = C and β′ ≡ β (mod C1+q+···+qn−1).
Proof. (1) is an easy calculation.
(2) follows observing that since β is in F∗q , we have V nβ = Tβ .
(3) Let γ0 be a generator of F∗qn . We show that each group of type 〈Tα, Vβ〉 is
conjugate to a subgroup of H0 = 〈Tγ0 , V1〉. This group is isomorphic to F∗qn o
Gal(Fqn/Fq) via the map which sends Tγ0 to (γ0, id) and V1 to (1, φqn−1) (φq is the
Frobenius map).
Let γ ∈ F∗qn be a generator of 〈α, β〉. Let m and b be integers such that γ = γm0
and β = γb = γmb0 . Since β ∈ F∗q , 1 + q + · · · + qn−1 | mb, so that we can write
β = γ
j(1+q+···+qn−1)
0 . An easy calculation shows that the conjugation of 〈Tα, Vβ〉 =
3.2 Number of classes and Galois groups when 4 - fK 40
〈Tγ , Vβ〉 by the matrix
Mj =

1
γjq0
γ
j(q+q2)
0
. . .
γ
j(q+q2+···+qn−1)
0

ﬁxes the subgroup 〈Tγ〉 of the diagonal matrices and sends Vβ to
MjVβM
−1
j =

γj0
γjq0
γjq
2
0
. . .
γjq
n−1
0

= T
γj0
V1 := Uj .
Therefore 〈Tα, Vβ〉 is conjugate to 〈Tγ , Uj〉 ' 〈(γm0 , id), (γj0, φqn−1)〉 ⊆ CoGal(Fqn/Fq).
(4) We ﬁrst show that the conditions
o(〈α′, β′〉) = o(〈α, β〉) and β′ ≡ β (mod C1+q+···+qn−1)
where C = 〈α, β〉 are suﬃcient to guarantee that 〈Tα, Vβ〉 and 〈Tα′ , Vβ′〉 are conju-
gate.
Since o(〈α′, β′〉) = o(〈α, β〉), 〈Tα, Vβ〉 and 〈Tα′ , Vβ′〉 have the same subgroup of di-
agonal matrices, so that 〈Tα, Vβ〉 = 〈Tγ , Vβ〉 and 〈Tα′ , Vβ′〉 = 〈Tγ , Vβ′〉 with 〈γ〉 =
〈α, β〉 = 〈α′, β′〉. As seen before, 〈Tγ , Vβ〉 is conjugate to 〈Tγ , Uj〉.
If β′ ≡ β (mod C1+q+···+qn−1) then, with the previous notations,
β′ = γj(1+q+···+q
n−1)+km(1+q+···+qn−1)
0 = γ
(j+mk)(1+q+···+qn−1)
0
for some integer k. It follows that the conjugation by the matrix Mj+mk ﬁxes 〈Tγ〉
and sends Vβ′ to Tγj+mk0
V1 = Tγmk0
Uj ∈ 〈Tγ , Uj〉; in other words 〈Tγ , Vβ′〉 and 〈Tγ , Vβ〉
are conjugate to the same subgroup of H0, therefore they are conjugate to each other.
Finally we show that the previous conditions are necessary. Suppose that 〈Tα, Vβ〉
and 〈Tα′ , Vβ′〉 are conjugate. Having both index n, the subgroups of their diagonal
matrices have the same order; it follows that they are equal since they are isomorphic
to the same subgroup of F∗qn by means of the same isomorphism. It remains to prove
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that β′ ≡ β (mod C1+q+···+qn−1), where C = 〈α, β〉 = 〈α′, β′〉. From what we have
said above, 〈Tα, Vβ〉 ' 〈(γj0, φqn−1), (γm0 , id)〉 and 〈Tα′ , Vβ′〉 ' 〈(γj
′
0 , φqn−1), (γ
m
0 , id)〉.
If 〈Tα, Vβ〉 and 〈Tα′ , Vβ′〉 are conjugate, then
〈(γj0, φqn−1), (γm0 , id)〉 ' 〈(γj
′
0 , φqn−1), (γ
m
0 , id)〉,
in particular there exists an isomorphism
ψ : 〈(γj0, φqn−1), (γm0 , id)〉 −→ 〈(γj
′
0 , φqn−1), (γ
m
0 , id)〉
which ﬁxes the elements of F∗q since they correspond to matrices belonging to the
center of GL(n,Fqn). Moreover, we can suppose that ψ(〈(γm0 , id)〉) = 〈(γm0 , id)〉
because there always exists a conjugation from 〈Tα, Vβ〉 to 〈Tα′ , Vβ′〉 which sends
diagonal matrices to diagonal matrices. This is true because the subgroup of the
diagonal matrices of 〈Tα, Vβ〉 is a cyclic, maximal, of index n subgroup and there
are two possibilities: there is only one subgroup in 〈Tα, Vβ〉 with these properties or,
for every pairs of subgroups with these properties, there exists a conjugation from
〈Tα, Vβ〉 to itself which sends one of the two subgroups to the other.
It follows that there exists k ∈ Z such that
ψ((γj0, φqn−1)) = (γ
mk
0 , id)(γ
j′
0 , φqn−1).
Thus
ψ((γj0, φqn−1)
n) = ((γmk0 , id)(γ
j′
0 , φqn−1))
n = (β′γmk(1+···+q
n−1)
0 , id).
But (γj0, φqn−1)
n = (β, id) ∈ F∗q and as such it is ﬁxed, therefore
β = β′γmk(1+···+q
n−1)
0
or, equivalently,
β ≡ β′ (mod C1+···+qn−1).
We now return to the discussion on the extensions of degree p4 in the case 4 - fK .
We must distinguish two subcases: 2 | fK and 2 - fK .
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4 - fK and 2 | fK .
For c | p4 − 1 and c - p2 − 1, we deﬁne the following function
λ(c, p) =
1/3 if p ≡ 1 (mod 2) and 0 < v2(c) < v2(p4 − 1)1 otherwise .
Theorem 3.3. Let K be a p-adic ﬁeld, fK be its inertial degree over Qp and nK =
[K : Qp]; suppose that 4 - fK and 2 | fK . Then there are
1
4
p4nK − 1
p4 − 1 (p
8 − 3p4 + 2p2)
isomorphism classes of extensions of degree p4 of K having no intermediate ﬁelds.
Moreover, the Galois group of the normal closure of such an extension of K is either
of type F+
p4
oC, where C is a subgroup of F∗p4 not contained in F
∗
p2 (with the natural
action on F+
p4
), or of type (Fp)4 oH, where H ⊆ GL(4,Fp) is isomorphic to a non-
abelian subgroup of F∗p4 o Gal(Fp4/Fp2) such that the intersection with F
∗
p4 is not
contained in F∗p2.
In particular,
• for every integer c dividing p4− 1 but not p2− 1, if C is the cyclic subgroup of
F∗p4 of order c, then there are
n(c) =
1
4
p4nK − 1
p4 − 1 ψ(c, p
2 − 1)
isomorphism classes of p4-extensions of K having no intermediate ﬁelds whose
normal closure has Galois group isomorphic to F+
p4
o C;
• for every non-abelian subgroup H ⊆ GL(4,Fp) isomorphic to a subgroup Z of
F∗p4oGal(Fp4/Fp2) such that C = Z∩F∗p4 6⊆ F∗p2 , if C has order c then there are
n(H) =

1
4
p4nK−1
p2−1 λ(c, p)ψ(c, p
2 − 1) if C → Z splits
1
4
p4nK−1
p2−1 (1− λ(c, p))ψ(c, p2 − 1) if C → Z does not split
isomorphism classes of p4-extensions of K having no intermediate ﬁelds whose
normal closure has Galois group isomorphic to (Fp)4 oH.
Proof. By equation (3.1) since 2 ‖ fK , we can have
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• r = 4 and w = 1, 2 =⇒ s = 2, d = 2
• r = 2 and w = 4 =⇒ s = 1, d = 4
• r = 1 and w = 4 =⇒ s = 1, d = 4
With the same arguments as above, one ﬁnds that the total number of isomorphism
classes of extensions of degree p4 having no intermediate extensions when 4 - fK and
2 | fK is
1
4
p4nK − 1
p2 − 1 (p
4 − p2)(p2 − 1) + 1
4
p4nK − 1
p4 − 1 (p
2 − 1)(p4 − p2)
=
1
4
p4nK − 1
p4 − 1 (p
8 − 3p4 + 2p2).
Observe that the coeﬃcient 1/4 has diﬀerent meaning in the two addends: in the
ﬁrst addend is due to the fact that each J(α,β) has two conjugates but it can be
obtained starting from the two diﬀerent pairs (α, β) and (αp
2
, βp
2
), in the second
one each J(α,β) is obtained only by a unique pair but it has four conjugates over Fp.
As usual when s = 1, it is easy to ﬁnd the Galois group of the normal closure of
the corresponding class of extensions. In fact if r = 1 or r = 2, the group acting on
the representation is cyclic of order equal to the order of (α, β) in F∗p2 × (F∗p4 \ F∗p2).
Therefore, as before, if C is the cyclic group of order c in F∗p4 with c | p4 − 1 and
c - p2 − 1, then the number of classes of extensions whose normal closure has Galois
group isomorphic to F+
p4
o C is
1
4
p4nK − 1
p4 − 1 ψ(c, p
2 − 1)
where ψ(c, p2 − 1) is the number of elements (α, β) in (F∗p2 × F∗p4) \ (F∗p2 × F∗p2) of
order c.
Assume now r = 4, then we must have w = 1 or w = 2, that is α ∈ F∗p4 \ F∗p2
and β ∈ F∗p2 . In these cases we have s = dimFpJ(α,β) = 2 and the group acting
on the representation is not abelian. It turns out that d = lcm(w, (r, fK)) = 2, so
J(α,β) is deﬁned over Fp2 and for every pairs (α, β) there are 14
p4nK−1
p2−1 irreducible
representations over Fp containing a representation isomorphic to J(α,β). Since we
are assuming that 4 - fK but 2 | fK , the action on J(α,β) is described by the matrices
Tα =
(
α
αp
2
)
, Vβ =
(
β
1
)
,
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with α ∈ F∗p4 \ F∗p2 and β ∈ F∗p2 .
We want to count the number of pairs (α′, β′) which lead to a Galois group isomorphic
to that induced by 〈Tα, Vβ〉, i.e. such that
(Fp2)2 o 〈Tα′ , Vβ′〉 ' (Fp2)2 o 〈Tα, Vβ〉.
Observe that our group satisﬁes the hypothesis of Lemma 3.2 with q = p2 and n = 2,
thus 〈Tα, Vβ〉 is isomorphic to a subgroup of CoGal(Fp4/Fp2) with C = 〈α, β〉 ⊆ F∗p4 ;
moreover 〈Tα, Vβ〉 and 〈Tα′ , Vβ′〉 are conjugate if and only if 〈α′, β′〉 = 〈α, β〉 = C
and β′ ≡ β(mod Cp2+1).
It follows that the Galois group is identiﬁed by the order of C and the class of β in
(C ∩ F∗p2)/Cp
2+1. Note that β ∈ Cp2+1 if and only if the map C ↪→ 〈Tα, Vβ〉 splits.
Indeed this map splits if and only if β has a square root in C which is equivalent to
say that β has a (p2 + 1)-root in C.
Let c be the order of C; clearly c | p4 − 1 but c - p2 − 1. Since (p2 + 1, p2 − 1) = 2
(or 1 if p = 2), one has∣∣∣∣∣C ∩ F
∗
p2
Cp2+1
∣∣∣∣∣ =
2 if p ≡ 1 (mod 2) and 0 < v2(c) < v2(p4 − 1)1 otherwise.
If (C ∩ F∗p2)/Cp
2+1 is trivial, then all the possible β's are equivalent mod Cp
2+1,
therefore there are 14
p4nK−1
p2−1 ψ(c, p
2 − 1) classes of extensions whose normal closure
has Galois group isomorphic to F+
p4
o 〈Tα, Vβ〉.
Suppose now that (C ∩ F∗p2)/Cp
2+1 has order 2 and let 2k be the largest power of 2
dividing c. Then β ∈ Cp2+1 if and only if o(β) is not divisible by a power of 2 greater
than 2
k
(2k,p2+1)
= 2k−1 (note that 2‖p2 + 1). It follows that to count the number of
pairs (α, β) with β ∈ Cp2+1, it suﬃces to look at the 2-part of F∗p4 × F∗p2 . If Cn
denotes the cyclic group of order n, the 2-part of Fp4 × Fp2 is exactly C2z+1 × C2z
where 2z‖p2 − 1. Therefore we have k ≤ z, and β ∈ Cp2+1 if and only if the 2-
component of (α, β) is of type (x, y) with o(x) = 2k > o(y); this happens in 1/3 of
the pairs of correct order.
Thus λ(c, p)ψ(c, p2 − 1) is the number of pairs (α, β) in F∗p4 × F∗p2 such that α and
β generate a cyclic group of order c and β ∈ Cp2+1, while (1 − λ(c, p))ψ(c, p − 1)
is the number of the pairs in the same group which generate the same cyclic C but
with β /∈ Cp2+1. Multiplying these values by 14 p
4nK−1
p2−1 , we obtain the number of
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isomorphism classes of extensions whose normal closure has a ﬁxed Galois group.
From the above it is clear that the possible groups of matrices which can appear in
the representations are the non-abelian subgroups of F∗p4 o Gal(Fp4/Fp2) such that
the intersection with F∗p4 is not contained in F
∗
p2 . If Z is such a subgroup, C = Z∩F∗p4
and c = o(C) (so c - p2 − 1), then there are
1
4
p4nK − 1
p2 − 1 λ(c, p)ψ(c, p
2 − 1)
classes of extensions whose normal closure has Galois group isomorphic to F+
p4
o Z
if C ↪→ Z splits, and
1
4
p4nK − 1
p2 − 1 (1− λ(c, p))ψ(c, p
2 − 1)
if C ↪→ Z does not split.
4 - fK and 2 - fK .
Again we will use the function ψ introduced above which maps each pair of natural
numbers (a, b) to the number of elements of order a in Ca ×Cb. Moreover we deﬁne
two functions that will appear in what follows.
For c | p4 − 1 and c - p2 − 1, set
λ(c, p) =

1/6 if p ≡ 1 (mod 4) and 1 < v2(c) < v2(p4 − 1)− 1
1/3 if v2(c) = 1
1/2 if p ≡ 3 (mod 4) and 1 < v2(c) < v2(p4 − 1)
or, p ≡ 1 (mod 4) and v2(c) = v2(p4 − 1)− 1
1 otherwise
and, for c1 | p2 − 1 and c2 | (p + 1, c1), if c1 = 2t0
∏r
i=1 p
ti
i , c2 = 2
w0
∏r
i=1 p
wi
i and
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p− 1 = 2k0∏ri=1 pkii ∏ qhjj , set
ν(c1, c2, p− 1) = 1
2t0+1 − 1

2t0 − 1 if k0 = 1, w0 = t0
2w0−1 if k0 = 1, w0 < t0
2t0−1 if k0 > 1, t0 < k0 + 1, w0 = 0
2t0−w0 if k0 > 1, t0 < k0 + 1, w0 > 0
2k0−1 if k0 > 1, t0 = k0 + 1, 0 ≤ w0 ≤ 1
3 · 2k0−1 if k0 > 1, t0 = k0 + 1, w0 = 2
2k0−w0−1 if k0 > 1, t0 = k0 + 1, w0 > 2
1 otherwise
.
Theorem 3.4. Let K be a p-adic ﬁeld, fK be its inertial degree over Qp and nK =
[K : Qp]; suppose 2 - fK . Then there are
1
4
p4nK − 1
p4 − 1 (p
8 − p5 − 3p3 + 3p2)
isomorphism classes of extensions of degree p4 of K having no intermediate ﬁelds.
The Galois group of the normal closure of these extensions is (F+p )4 oH where H ⊆
GL(4,Fp) satisﬁes one of the following:
1. H ' C with C < F∗p4 and C 6< F∗p2;
2. H ' Z with Z non-abelian subgroup of F∗p4oGal(Fp4/Fp) such that C = Z∩F∗p4
is not contained in F∗p2;
3. H ' B with B non-abelian subgroup of (F∗p2 × F∗p2/F∗p) o Gal(Fp2/Fp) (where
Gal(Fp2/Fp) acts non-trivially only on the ﬁrst factor) such that B ∩ (F∗p2 ×
F∗p2/F
∗
p) = C1 × C2 is not cyclic and C2 < C1.
Let n(H) be the number of isomorphism classes of extensions whose Galois group of
the normal closure is (F+p )4 oH, then
(a) for all H as in 1, if o(C) = c,
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n(H) = 14 p
4nK−1
p4−1 ψ(c, p− 1);
(b) for all H as in 2, if o(C) = c and
• p 6≡ 1 (mod 4) or p ≡ 1(mod 4) and, either v2(c) = 1 or v2(c) =
v2(p
4 − 1)− 1, then
n(H) =

1
4
p4nK−1
p−1 λ(c, p)ψ(c, p− 1) if C ↪→ Z splits
1
4
p4nK−1
p−1 (1− λ(c, p))ψ(c, p− 1) if C ↪→ Z does not split
• p ≡ 1 (mod 4) and 1 < v2(c) < v2(p4 − 1)− 1, then
n(H) =

1
4
p4nK−1
p−1
1
6ψ(c, p− 1) if C ↪→ Z ∩ (F∗p4 oGal(Fp4/Fp2))
splits
1
4
p4nK−1
p−1
1
3ψ(c, p− 1) if C ↪→ Z ∩ (F∗p4 oGal(Fp4/Fp2))
does not split
(c) for all H as in 3, if o(C1) = c1 = 2t0
∏r
i=1 p
ti
i , o(C2) = c2 = 2
w0
∏r
i=1 p
wi
i and
p− 1 = 2k0∏ri=1 pkii ∏ qhjj , then
n(H) =
∏
1≤i≤r
ki>0 ∧ wi=0
ki=0 ∧ wi=ti
ptii
2ptii − 1
·
∏
1≤i≤r
ki>0
wi>0
pti−wi−1i (pi − 1)
2ptii − 1
·
∏
1≤i≤r
ki=0
wi<ti
pwi−1i (pi − 1)
2ptii − 1
· ψ(c1, p2 − 1) · ν(c1, c2, p− 1).
Proof. In this case, we can have
• r = 4 and w = 1 =⇒ s = 4, d = 1
• r = 2 and w = 2 =⇒ s = 2, d = 2
• r = 1 and w = 4 =⇒ s = 1, d = 4
It follows that the total number of isomorphism classes of extensions of degree p4
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having no intermediate extensions when 4 - fK and 2 - fK is
1
4
p4nK − 1
p− 1 (p
4−p2)(p−1)+ 1
4
p4nK − 1
p2 − 1 (p
2−p)(p2−p)+ 1
4
p4nK − 1
p4 − 1 (p−1)(p
4−p2)
=
1
4
p4nK − 1
p4 − 1 (p
8 − p5 − 3p3 + 3p2).
Observe that as above the coeﬃcient 1/4 has diﬀerent meaning in each addend. In
particular, in the ﬁrst addend the representation J(α,β) has dimension 4 and is al-
ready deﬁned over Fp, so the factor 1/4 is due to the fact that the pairs (αp
i
, β),
i = 1, . . . , 4, give the same representation; in the second addend J(α,β) has 2 conju-
gates over Fp, each of which can be deﬁned starting from two diﬀerent pairs; ﬁnally,
in the third addend J(α,β) has 4 conjugates and this explains the presence of the
factor 1/4.
The case r = 1 and w = 4 is the same as when 4 - fK and 2 | fK , so claim (a) is done.
Assume now r = 4 and w = 1. Then s = dimFpJ(α,β) = 4 and the group acting on
the representation is non-abelian. Since d = 1, J(α,β) is deﬁned over Fp, therefore
following (1.5) for every pairs (α, β) there are 14
p4nK−1
p−1 irreducible representations
over Fp isomorphic to J(α,β). The action on J(α,β) is described by the matrices
Tα =

α
αp
αp
2
αp
3
 , Vβ =

β
1
1
1
 ,
with α ∈ F∗p4 \ F∗p2 and β ∈ F∗p.
We want to count the number of pairs (α′, β′) such that the representations isomor-
phic to J(α′,β′) correspond to extensions with Galois group isomorphic to that given
by J(α,β).
Applying Lemma 3.2 with q = p and n = 4, we have that 〈Tα, Vβ〉 is isomorphic to
a subgroup of C oGal(Fp4/Fp) with C = 〈α, β〉 ⊆ F∗p4 , and 〈Tα, Vβ〉 is conjugate to
〈Tα′ , Vβ′〉 if and only if 〈α′, β′〉 = 〈α, β〉 and β′ ≡ β(mod Cp3+p2+p+1). This means
that the Galois group is identiﬁed by the order c of C and by the class of β in
(C ∩ F∗p)/Cp
3+p2+p+1.
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As usual β ∈ Cp3+p2+p+1 if and only if the map C ↪→ 〈Tα, Vβ〉 splits.
Since
(p− 1, p3 + p2 + p+ 1) =

1 if p = 2
2 if p ≡ 3 (mod 4)
4 if p ≡ 1 (mod 4)
,
we have
∣∣∣∣ C ∩ F∗pCp3+p2+p+1
∣∣∣∣ =

4 if p ≡ 1 (mod 4) and 1 < v2(c) < v2(p4 − 1)− 1
2 if p ≡ 3 (mod 4) and 0 < v2(c) < v2(p4 − 1),
or p ≡ 1 (mod 4) and, either v2(c) = 1 or
v2(c) = v2(p
4 − 1)− 1
1 otherwise
If | C∩F∗p
Cp3+p2+p+1
| = 1, i.e. there is only one class mod Cp3+p2+p+1, then all the pairs
(α′, β′) such that 〈α′, β′〉 = C give isomorphic Galois groups, thus in this case there
are 14
p4nK−1
p−1 ψ(c, p − 1) isomorphism classes of extensions whose normal closure has
Galois group isomorphic to F+
p4
o 〈Tα, Vβ〉.
Suppose that | C∩F∗p
Cp3+p2+p+1
| = 4. Then, in order to classify the pairs (α, β) ∈ F∗p4 × F∗p
which give diﬀerent Galois groups, it suﬃces to look at the 2-part of F∗p4 × F∗p. It is
C2m1+m2+z × C2z where 2z‖p− 1, 2m1‖p+ 1 and 2m2‖p2 + 1.
Since p ≡ 1 (mod 4) we have m1 = m2 = 1, therefore the 2-part of F∗p4 × F∗p is
C2z+2 × C2z with z ≥ 2.
Thus if 2k‖c one has 2 ≤ k ≤ z, and β ∈ Cp3+p2+p+1 if and only if its or-
der is not divisible by a power of 2 greater than 2
k
(2k,p3+p2+p+1)
= 2k−2; moreover
β(mod Cp
3+p2+p+1) has order 2 if 2k−1‖o(β) and β(mod Cp3+p2+p+1) has order 4 if
2k‖o(β).
It follows that β ∈ Cp3+p2+p+1 if and only if the 2-component of (α, β) is of type
(x, y) with o(x) = 2k and o(y) ≤ 2k−2. This happens in 1/6 = λ(c, p) of the elements
of correct order. For the same number of pairs, β(mod Cp
3+p2+p+1) has order 2, and
clearly for 2/3 of the pairs of correct order β(mod Cp
3+p2+p+1) has order 4.
Thus, when p ≡ 1 (mod 4) and 1 < v2(c) < v2(p4 − 1) − 1, the pairs (α, β)
such that β /∈ Cp3+p2+p+1 must be divided in two classes according to the order
of β(mod Cp
3+p2+p+1). Indeed, 1−λ(c, p) = 56 and we have 16ψ(c, p− 1) pairs (α, β)
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such that the group C generated by α and β has order c and β(mod Cp
3+p2+p+1)
has order 2, and 23ψ(c, p− 1) pairs with β(mod Cp
3+p2+p+1) of order 4. Since there
are two classes of this order, we must divide by 2 getting 13ψ(c, p− 1).
Suppose now | C∩F∗p
Cp3+p2+p+1
| = 2, thus the pairs (α, β) such that 〈α, β〉 = C can be
divided in only two classes depending on β ∈ Cp3+p2+p+1 or β /∈ Cp3+p2+p+1.
If p ≡ 3 (mod 4) and 2k‖c, then k ≥ 1 and, when we write the 2-part of F∗p4 × F∗p as
C2m1+m2+z × C2z (as in the previous case), we have necessarily z = 1, m2 = 1 and
m1 ≥ 2, while k is such that 1 ≤ k ≤ m1 + 1. It follows that β ∈ Cp3+p2+p+1 if
and only if its order is not divisible by a power of 2 greater than 2
k
(2k,p3+p2+p+1)
= 1,
i.e. if and only if the 2-component of (α, β) is of type (x, 1) with o(x) = 2k. This
happens for 1/2 of the pairs of correct order if k > 1 and for 1/3 of them if k = 1.
If p ≡ 1 (mod 4) and v2(c) = 1, then, with the previous notations, we have
m1 = m2 = k = 1 and z ≥ 2; therefore β ∈ Cp3+p2+p+1 if and only if the 2-
component of (α, β) is of type (x, 1) with o(x) = 2 and this happens for 1/3 of the
elements of correct order.
Finally, if p ≡ 1 (mod 4) and v2(c) = v2(p4− 1)− 1, i.e. k = z+ 2− 1 = z+ 1 in the
previous notations, then in order that β is in Cp
3+p2+p+1, the 2-component of (α, β)
must be of type (x, y) with o(x) = 2z+1 and o(y) ≤ 2z−1. This happens for 1/2 of
the pairs (x, y) of correct order.
Then λ(c, p)ψ(c, p−1) is the number of pairs (α, β) such that the group C generated
by α and β has order c and β ∈ Cp3+p2+p+1, while (1−λ(c, p))ψ(c, p− 1) counts the
same pairs but with β /∈ Cp3+p2+p+1.
Note that, while β ∈ Cp3+p2+p+1 (i.e. β(mod Cp3+p2+p+1) of order 1) is equivalent to
the condition that C ↪→ 〈Tα, Vβ〉 splits, β(mod Cp3+p2+p+1) of order 2 is equivalent
to C ↪→ 〈Tα, V 2β 〉 splitting.
Multiplying by 14(p
4nK − 1)/(p− 1), we obtain the number of isomorphism classes of
extensions whose normal closure has a ﬁxed Galois group.
From above, it is clear that every group 〈Tα, Vβ〉 with α ∈ F∗p4 \ F∗p2 and β ∈ F∗p is
isomorphic to a subgroup of CoGal(Fp4/Fp) for some C < F∗p4 not contained in F
∗
p2 .
Summarizing all the informations we obtain the claim (b).
Finally, it remains to consider the case r = 2; this implies w = 2, i.e. α, β ∈ F∗p2 \F∗p.
It follows that s = dimFpJ(α,β) = 2 and, since d = 2, for all possible pairs (α, β)
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there are 14
p4nK−1
p2−1 representations over Fp containing a representation isomorphic to
J(α,β).
The action on J(α,β) is given by the matrices
Tα =
(
α
αp
)
, Vβ =
(
β
1
)
,
with α, β ∈ F∗p2 \ F∗p.
The representations isomorphic to J(α,β) give rise to
1
4
p4nK−1
p2−1 isomorphism classes
of extensions of degree p4 having no intermediate extensions whose normal closure
has the Galois group isomorphic to (F+
p2
)2 o 〈Tα, Vβ〉. We have to count the number
of pairs (α′, β′), with α′, β′ ∈ F∗p2 \ F∗p, such that the representations isomorphic
to J(α′,β′) yield extensions whose normal closure has Galois group isomorphic to
(F+
p2
)2 o 〈Tα, Vβ〉, i.e. such that 〈Tα′ , Vβ′〉 is conjugate to 〈Tα, Vβ〉.
Note that in this case we cannot use Lemma 3.2 because q = p and β /∈ F∗p.
It is easy to see that, if a = o(α) and b = o(β) then the group 〈Tα, V 2β 〉 of the diagonal
matrices of 〈Tα, Vβ〉 is an abelian not cyclic subgroup of index 2 isomorphic to
Z
[a, b]Z
× Z
(a,b)
(a,b,p−1)Z
,
where we used the standard notation [a, b] to denote the least common multiple of a
and b.
Observe that every conjugation of 〈Tα, Vβ〉 ﬁxes the subgroup of the multiples of
identity; this leads to the necessary condition
[b′, (a′, p− 1)] = [b, (a, p− 1)]. (3.2)
Moreover the subgroup of the squares
S = 〈
(
α2
α2p
)
,
(
β
β
)
〉
is isomorphic to Z[a
2
,b]Z × Z(a,b)
(a,b,p−1)Z
if 2 | a and it is equal to the subgroup of the
diagonal matrices if 2 - a. Clearly S is sent into the subgroup S′ of the squares
of 〈Tα′ , Vβ′〉, in particular V 2β′ is the image of V 2kβ T 2hα for some integers h, k. This
implies that
〈β, α2〉
〈α2〉 =
〈β′, α′2〉
〈α′2〉 . (3.3)
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But (3.2) implies that the order of β can be changed only up to divisors of (a, p−1),
i.e. the elements of 〈α〉 that can appear as factors of β′ are those of 〈α a(a,p−1) 〉. It
follows that the condition which has to be satisﬁed is
〈β, α a(a,p−1) 2〉
〈α a(a,p−1) 2〉
=
〈β′, α′ a(a,p−1) 2〉
〈α′
a′
(a′,p−1)
2
〉
. (3.4)
On the other hand, equating the orders of the subgroups of the squares one gets
[a, b] = [a′, b′] and
(a, b)
(a, b, p− 1) =
(a′, b′)
(a′, b′, p− 1) . (3.5)
Conditions (3.4) and (3.5) imply that if 〈Tα, Vβ〉 and 〈Tα′ , Vβ′〉 are conjugate then it
must be true that
〈α, β〉 = 〈α′, β′〉 and 〈β, α
a
(a,p−1)
2〉
〈α a(a,p−1) 2〉
=
〈β′, α′ a(a,p−1) 2〉
〈α′
a′
(a′,p−1)
2
〉
. (3.6)
Observe that 〈α a(a,p−1) 〉2 has order (a, p − 1) if 2 - (a, p − 1) and (a, p − 1)/2 if
2 | (a, p− 1).
Now we show the converse, i.e. if conditions (3.6) hold then 〈Tα, Vβ〉 and 〈Tα′ , Vβ′〉
are conjugate. Let γ0 be a generator of F∗p2 . We construct a conjugation which
embeds 〈Tα, Vβ〉 in
H0 = 〈
(
γ0
γp0
)
,
(
1
1
)
,
(
γ0
1
)
〉
Denote by D the subgroup of the diagonal matrices of 〈Tα, Vβ〉. Let γ = γm0 be a
generator of 〈α, β〉 ⊆ F∗p2 . Suppose that α = γi and β = γj . We distinguish two
cases: 2 | j and 2 - j. If 2 | j then the conjugation by the matrix
Mj =
(
1
γj/2
)
sends 〈Tα, Vβ〉 into the subgroup
〈D,
(
γj/2
γj/2
)
〉
of H0.
Consider now α′, β′ ∈ F∗p2 which satisfy conditions (3.6). Then β′ = γ
jk+i2 a
(a,p−1)h
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for some integers k, h such that(
k,
b
(b, o〈α a(a,p−1) 2〉)
)
= 1.
Observe that k is deﬁned mod b and that 2 | j if and only if 2 | jk + i2 a(a,p−1)h, this
is true since the second addend is always even and 2 - j means that v2(b) ≥ v2(a)
which implies, if v2(b) > 0, that 2
∣∣∣ b
(b,o〈α
a
(a,p−1) 〉2)
, thus 2 - jk. On the other hand, if
v2(b) = 0 then every class mod b can be represented by an odd integer and thus we
can suppose 2 - k.
The matrix Mjk+i2 a
(a,p−1)h
ﬁxes the subgroup of the diagonal matrices and sends Vβ′
in  γ
jk+i2 a
(a,p−1)h
2
γ
jk+i2 a
(a,p−1)h
2
 ,
therefore it sends 〈Tα′ , Vβ′〉 in
〈D,
 γ
jk+i2 a
(a,p−1)h
2
γ
jk+i2 a
(a,p−1)h
2
〉
which is the same subgroup of H0 conjugate to 〈Tα, Vβ〉. If 2 - j then the conju-
gation by the matrix Mj−1 sends 〈Tα, Vβ〉 into the subgroup generated by D and(
γ
j−1
2
+1
γ
j−1
2
)
. Again if we change β with β′ as above, we obtain the same sub-
group of H0, i.e. if conditions (3.6) hold than 〈Tα, Vβ〉 and 〈Tα′ , Vβ′〉 are conjugate.
It remains to count the number of pairs (α′, β′) satisfying conditions (3.6).
Let c1 = [a, b] and, c2 =
b
(b,(a,p−1)/2) or c2 =
b
(b,(a,p−1)) according to the cases 2 | a
and 2 - a. Conditions (3.6) can be written as
o(〈α′, β′〉) = c1 and o(〈β′, α′
a
(a,p−1)
2〉/〈α′
a′
(a′,p−1)
2
〉) = c2, (3.7)
they are suﬃcient to identify the conjugation class of 〈Tα, Vβ〉.
Note that 2 | a if and only if 2 | a′.
Since c2 | c1 we have
c1 = 2
t0pt11 · · · ptrr
c2 = 2
w0pw11 · · · pwrr
p− 1 = 2k0pk11 · · · pkrr qh11 · · · qhvv
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where k0, ti > 0 for 1 ≤ i ≤ r and t0, wi, kj ≥ 0 for 0 ≤ i ≤ r and 1 ≤ j ≤ r. Clearly
wi ≤ ti for all i and ti ≤ ki for all i 6= 0 such that ki > 0.
If α′ and β′ satisfy (3.7), then a′ = o(α′) and b′ = o(β′) are divisors of c1, thus we
can write them as
a′ = 2γ0pγ11 · · · pγrr
b′ = 2δ0pδ11 · · · pδrr
with 0 ≤ γi, δi ≤ ti for all i. Conditions (3.7) means that we must have
max{γi, δi} = ti for all i
δi −min{δi,min{γi, ki}} = wi for all i 6= 0
δ0 −min{δ0,min{γ0, k0} − 1} = w0 if 2 | a
δ0 −min{δ0,min{γ0, k0} = w0 if 2 - a
(3.8)
We now analyze what these imply on the pi-part of (α
′, β′).
For i = 1 . . . r, if ki > 0 then min{γi, ki} = γi. We have to distinguish the cases
wi = 0 and wi > 0. The ﬁrst case implies that γi = ti and δi included between 0
and ti, therefore the pi-part of (α
′, β′) must be of type (x, y) with o(x) = ptii and
this happens in
p
ti
i
2p
ti
i −1
of the elements of correct order. The second case, i.e. wi > 0,
implies δi = ti and γi = ti−wi; this is true in φ(p
ti−wi
i )
2p
ti
i −1
of the possible pairs (φ is the
Euler's φ function).
If ki = 0 then (3.8) becomes max{γi, δi} = tiδi = wi .
Again we have to distinguish two cases depending on wi. If wi = ti then 0 ≤ γi ≤ ti,
this is the same situation of above and happens in
p
ti
i
2p
ti
i −1
of the elements of correct
order. If wi < ti then we must have γi = ti, therefore we get
φ(p
wi
i )
2p
ti
i −1
of the pairs of
correct order.
Finally it remains to analyze the 2-part of (α′, β′) which is slightly diﬀerent from the
others because (p − 1, p + 1) = 2 (if p 6= 2); observe that k0 > 0. If t0 = 0 there is
nothing to say since the only solution is γ0 = δ0 = 0. If t0 > 0 we must distinguish
the cases 2 | a and 2 - a.
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The second case is the easiest: if 2 - a then 2 - a′, which implies γ0 = 0 and necessarily
δ0 = t0 = w0; this happens in
1
2t0+1−1 of the elements of correct order.
We now have to analyze the case 2 | a which implies γ0 ≥ 1.
Suppose k0 = 1, then the second condition leads directly to δ0 = w0 and, 1 ≤ γ0 ≤ t0
if w0 = t0 and γ0 = t0 if w0 < t0. Thus
2t0−1
2t0+1−1 of the elements of correct order in
the ﬁrst case, and φ(2
w0 )
2t0+1−1 in the second one.
If k0 > 1, we have t0 ≤ k0 + 1: in particular if t0 < k0 + 1 then we have γ0 = t0 and
0 ≤ δ0 ≤ t0 − 1 and thus 2t0−12t0+1−1 of the elements of correct order if w0 = 0; δ0 = t0
and γ0 = t0 − w0 + 1, thus φ(2
t0−w0+1)
2t0+1−1 of the elements of correct order if w0 > 0.
Finally if t0 = k0 + 1 then we have to distinguish the cases w0 = 0, w0 = 1, w0 = 2
and w0 > 2. In the ﬁrst case conditions (3.8) are satisﬁed if γ0 = k0 + 1 = t0 and
δ0 ≤ k0 − 1, thus in 2k0−12t0+1−1 of the possible pairs; in the second case we must have
again γ0 = k0 + 1 while δ0 = k0 so
φ(2k0 )
2t0+1−1 of the possible pairs; in the third case,
i.e. w0 = 2, one easily ﬁnds δ0 = k0 + 1 and k0 ≤ γ0 ≤ k0 + 1 so 3·2k0−12t0+1−1 of the
good pairs; ﬁnally if w0 > 2 we obtain δ0 = k0 + 1 and γ0 = k0 + 2 − w0, therefore
φ(2k0+2−w0 )
2t0+1−1 of the elements of correct order.
Summarizing all these informations we get the claim (c).
This chapter, besides to classify a very special kind of p-adic extensions, shows
how diﬃcult can be to obtain an analogous result for extensions of degree pk with k
any natural number using representation theory, even in the simpliﬁed case of exten-
sions with no intermediate ﬁelds. On the other hand, at present it seems quite hard
to ﬁnd another way that leads to a general solution of the problem of classifying the
extensions of degree pk, therefore it remains to make do of partial results like those
showed in the presented work.
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